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Abstract

In this paper, we consider the system-wide energy management prob-
lem for a set of periodic real-time tasks running on a DVS-enabled
processor. Our solution uses a generalized power model, in which
frequency-dependent and frequency-independent power components
are explicitly considered. Further, variations in power dissipations
and on-chip/off-chip access patterns of different tasks are encoded in
the problem formulation. Using this generalized power model, we
show that it is possible to obtain analytically the task-level energy-
efficient speed below which DVS starts to affect overall energy con-
sumption negatively. Then, we formulate the system-wide energy
management problem as a non-linear optimization problem and pro-
vide a polynomial-time solution. We also provide a dynamic slack
reclaiming extension which considers the effects of slow-down on
the system-wide energy consumption. Our experimental evaluation
shows that the optimal solution provides significant (up to 50%) gains
over the previous solutions that focused on dynamic CPU power at the
expense of ignoring other power components.

1 Introduction

With the advance of pervasive computing and on-going minia-
turization of computers, the energy management has become a
major research area in Computer Science and Engineering. A
widely popular energy management technique, Dynamic Volt-
age Scaling (DVS), is based on adjusting the CPU voltage and
frequency on-the-fly [27]. Since the dynamic CPU power is
a strictly increasing convex function of the CPU speed, the
DVS techniques attempt to reduce the CPU speed to the ex-
tent it is possible, to obtain higher energy savings. The tasks’
response times tend to increase with the reduced CPU speed:
hence, for real-time systems where timeliness is crucial, spe-
cial provisions must be taken to guarantee the timing con-
straints when DVS is applied. Consequently, the following
Real-Time DVS (RT-DVS) problem attracted much attention
in the research community: Minimize the energy consumption
through DVS while still meeting all the deadlines of the real-
time tasks. In the last decade, literally hundreds of research
studies were published, each tackling the RT-DVS problem for
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a different system/task model and/or improving the existing
solutions [2, 3, 19, 22, 20].

More recently, some research groups fine-tuned the prob-
lem, by observing that the task execution times do not al-
ways scale linearly with the CPU speed [5, 9, 23]: In fact,
the off-chip access times (e.g. main memory or I/O de-
vice access latencies) are mostly independent of the CPU
frequency. These works correctly observe that the task’s
workload has a frequency-dependent (on-chip) and another
frequency-independent (off-chip) component. The latter does
not scale with the CPU frequency, and it may be possible to
further reduce the CPU speed beyond the levels suggested by
the earlier studies [2, 19, 22], without compromising the fea-
sibility. Note that an implicit assumption/motivation of this
line of research is that further reduction of the CPU speed will
bring additional energy savings.

Despite the depth and, in many cases, the analytical sophis-
tication of these RT-DVS studies, there is a growing recogni-
tion that for more effective energy management, one should
consider the global effects of DVS on the computer system.
In particular, focusing exclusively on the frequency-dependent
CPU power may hinder the system-level energy management:
the total energy consumption of the system depends on multi-
ple system components (not only CPU) and the power dissipa-
tion does not comprise solely the frequency-dependent active
power. In fact, two recent experimental studies [10, 24] report
that DVS can increase the total energy consumption; mainly
because, with increased task execution times, it may force the
components other than the CPU (e.g. memory, I/O devices) to
remain in active state for longer time intervals.

The main objective of this research effort is to provide a
generalized energy management framework for periodic real-
time tasks. Specifically, when developing our solution, we si-
multaneously consider:

(a) A generalized power model which includes the static,
frequency-independent active and frequency-dependent
active power components of the entire system,

(b) Variations in the system power dissipation during the ex-
ecution of different tasks, and



(c) On-chip / off-chip workload characteristics of individual
tasks.

Given the above information, we show how to compute
the task-level energy-efficient speed below which DVS starts
to adversely affect the overall energy consumption of the sys-
tem. We formulate the system-level energy management prob-
lem for periodic real-time tasks as a non-linear optimization
problem. Then, we show how the task-level optimal speed
assignments (to minimize the overall system energy) can be
computed in polynomial time. Finally, we provide a dynamic
reclaiming extension for settings where tasks may complete
early, to boost energy savings at run-time. As required in real-
time system design, our solutions assure that all the deadlines
are met in both static and dynamic solutions. We also present
simulation results showing the gains yielded by our optimal
algorithm, for a wide range of system parameters.

We note that a number of research groups explored the is-
sues beyond DVS-based CPU power management: for exam-
ple static/leakage power management issues were investigated
in [13, 14, 21]. The interplay between device power manage-
ment and DVS are explored in [8, 16, 18, 25] from different
aspects. Studies in [11, 31] also considered the problem of
system-wide energy minimization for real-time task sets (un-
der different power models), but they did not consider the ef-
fects of off-chip and on-chip workloads, and the proposed so-
lutions were essentially heuristic-based. To the best of our
knowledge, our work is the first research effort to provide a
provably optimal and analytical solution to the system-level
enery management problem for periodic real-time tasks, while
keeping an eye on all three fundamental dimensions (a), (b)
and (c) above.

2 System Model and Assumptions

2.1 Task and Processor Model

We consider a set of independent periodic real-time tasks
Ψ = {τ1, . . . , τn} that are be to executed on a uniproces-
sor system according to the preemptive Earliest-Deadline-First
(EDF) policy. The period of task τi is denoted by Ti, and the
relative deadline of each task instance (job) is equal to the
task period. The jth instance of task τi is denoted by τi,j .
We assume a variable speed (DVS-enabled) processor whose
speed (frequency) S can vary between a lower bound Smin

and an upper bound Smax. For convenience, we normalize
the CPU speed with respect to Smax; that is, we assume that
Smax = 1.0.

The worst-case execution time C(S) of task τi at CPU
speed S is given by Ci(S) = xi

S + yi where xi is the task’s
on-chip workload at Smax, and yi is the task’s off-chip work-
load (that does not scale with the CPU speed). Similarly, we
define the task’s effective utilization Ui(S) at CPU speed S as

ux
i

S + uy
i . Here, ux

i = xi

Ti
and uy

i = yi

Ti
represent the utiliza-

tion of the on-chip workload (at maximum speed) and off-chip
workload of τi, respectively.

The base total utilization Utot of the task set is the aggre-
gate utilization of all the tasks at the maximum CPU speed,
that is Utot =

∑n
i=1 Ui(Smax). The necessary condition for

the feasibility of the task set is Utot ≤ 1.0, further, this is
also sufficient in the case of preemptive EDF scheduling pol-
icy [15]. Hence, throughout the paper, we will assume that
Utot does not exceed 100%.

We assume that the process descriptor of each task/job is
augmented by two extra fields, the current speed and the nomi-
nal speed. The former denotes the speed level at which the task
is executing and the latter represents the “default” speed it has
whenever it is dispatched by the operating system prior to any
dynamic adjustment. The current and nominal speeds of the
periodic task τi are denoted by Si and Ŝi, respectively. Note
that the task set’s total effective utilization on DVS-enabled
settings depends on the speed assignments of individual tasks
and is given by

∑n
i=1 Ui(Si). Although the results in this pa-

per are derived assuming a continuous CPU speed spectrum,
one can always “adapt” these solutions to discrete-speed set-
tings by using a combination of two nearest available speed
levels [12].

2.2 Power Model

In this paper, we adopt a generalized form of the system-level
power model which was originally proposed in [30] and used
in [28, 29]. In our general system-level power model, the
power consumption P is given by

P = Ps + �(Pind,i + Pdep,i) (1)

where Ps represents the static power, which may be removed
only by powering off the whole system. Ps includes (but not
limited to) the power to maintain basic circuits, keep the clock
running and the memory and I/O devices in sleep (or, stand-
by) mode.

Pind,i and Pdep,i represent the frequency-independent ac-
tive power and frequency-dependent active power of the
currently running task τi, respectively. The frequency-
independent power corresponds to the power component that
does not vary with the system supply voltages and processing
frequencies. Typically, the active power consumed by off-chip
components such as main memory and/or I/O devices used by
task τi would be included in Pind,i. Note that the power of
these devices can be efficiently removed only by switching to
the sleep state(s) [10].

Pdep,i includes the processor’s dynamic power as well as
any power that depends on system supply voltages and pro-
cessing frequencies [7]. Pdep,i depends on the CPU speed
(clock frequency), as well as the effective switching capac-



itance Cf,i of task τi. Pdep,i can be usually expressed as
Cf,i · Sm

i , where dynamic power exponent m is a constant
between 2 and 3, and Si is the current speed of τi.

The coefficient � represents system states and whether ac-
tive powers are currently consumed in the system. Specifically,
� = 1 if the system is active (defined as having computation in
progress); otherwise (i.e. the system is in sleep mode or turned
off) � = 0.

Despite its simplicity, the above model captures the es-
sential components of power consumption in real-time sys-
tems for system-level energy management. In fact, one con-
tribution of this paper is to extend the model in [28, 30] to
the cases where the frequency-independent and frequency-
dependent active power figures can vary from task to task.

The time and energy overhead of completely turning off
and turning on a device that is actively used by any task may
be prohibitive [6]. Consequently, for the real-time embed-
ded systems considered, we assume that several components
may be put to low-power sleep states for energy savings but
they are never turned off completely during the execution. In
other words, Ps is not manageable (i.e. it is always consumed).
Hence, our target is to obtain energy savings through manag-
ing the frequency-independent and frequency-dependent ac-
tive power discussion.

3 Derivation of Energy-Efficient Speed

Consider a real-time task τ with on-chip workload x and off-
chip workload y. The execution time af τ at the CPU fre-
quency (speed) S is given by C(S) = x

S + y. The sum of the
frequency-dependent and frequency-independent components
of the energy consumption of task τ at speed S is:

E(S) = (Pdep(S) + Pind) · (x

S
+ y)

= Pdep(S) · x

S
+ Pdep(S) · y + Pind · x

S
+ Pind · y

(2)

Recalling that Pdep(S) is given as Cf · Sm where m ≥ 2,
and x, y, Pind are all positive constants, we can see that each of
the four terms appearing in the latter sum is strictly convex for
all S ≥ 0. Since the sum of convex functions is also convex,
the basic principles of convex optimization [17] allow us to
deduce the following.

Proposition 1 The task energy consumption function E(S) is
a strictly convex function on the set of positive numbers. E(S)
has a single local minimum value and the speed that minimizes
E(S) can be found by setting its derivative E′(S) to zero.

Definition 1 The CPU speed that minimizes the energy con-
sumption of task τ is called the energy-efficient speed of τ and
denoted by Seff .

For the most common cases where the frequency-dependent
power is CfSm with m = 2 or m = 3, setting the derivative
of E(S) will give rise to the cubic or quartic equations that
can be solved analytically [26]. As an example, if m = 3,
we obtain a polynomial equation of fourth degree (a quartic
equation):

3 Cf y S4 + 2 Cf S3 x − Pind x = 0 (3)

If the ratio of the task’s off-chip workload to the on-chip
workload is α = y

x , Equation (3) is equivalent to:

3 Cf α S4 + 2 Cf S3 − Pind = 0 (4)

Through the Descartes’ Rule of Signs [26], one can check
that this equation has exactly one positive real root, which cor-
responds to Seff . Hence, the energy-efficient speed Seff is
uniquely determined by Cf , α and Pind. Let us denote the
root of Equation (4) by Seff (Cf , α, Pind). Simple algebraic
manipulation verifies the following properties:

• Seff (Cf , α1, Pind) ≤ Seff (Cf , α2, Pind) if α1 ≥ α2.
In other words, the energy-efficient speed decreases with
increasing off-chip workload ratio for the same effective
switching capacitance and frequency-independent power
values.

• Seff (Cf1 , α, Pind) ≤ Seff (Cf2 , α, Pind) if Cf1 ≥ Cf2 .
Hence, the energy-efficient speed decreases with increas-
ing effective switching capacitance for the same off-
chip/on-chip workload ratio and frequency-independent
power values.

• Seff (Cf , α, Pind1) ≥ Seff (Cf , α, Pind2) if Pind1 ≥
Pind2 . This shows that the energy-efficient speed in-
creases with increasing frequency-independent power for
the same effective switching capacitance and α values.

Note that this result is the generalization of the energy-
efficient speed derivation in [30], where the authors did not
consider the off-chip access time of tasks. In fact, by setting
y = 0 in Equation (3), one can re-derive the result in [30].

As a concrete example, we investigate how the energy-
efficient speed of a single task changes, as we vary the
frequency-independent active power (Pind) and the ratio of
task’s off-chip workload to on-chip workload ratio (see Fig-
ure 1). The task’s effective switching capacitance is set to
unity, and the frequency-dependent active power is given by
S3. Observe that, the figure verifies the trends mentioned
above. It is interesting to note that Seff is very close to 0.375
even for Pind = 0.11, and keeps increasing with larger Pind.
The rate of increase is even higher for cases where the por-
tion of the on-chip workload grows. In fact, if y = 0 (the

1The differences between the energy-efficient speed values corresponding
to different α values at Pind = 0.1 are extremely small.



assumption of most early DVS studies), the increase in Seff

is sharpest.
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Figure 1: Energy-efficient speed as a function Pind and α
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Figure 2: Energy consumption as a function of the CPU speed

Figure 2 depicts the effect of varying the CPU speed on
the total energy consumption (for α = 0.25). In these set-
tings, Seff is never below 0.5, and reducing the CPU speed
below that level, in some cases, increases overall energy con-
sumption even more significantly than using very high speeds.
This example shows that violating the energy-efficient speed
boundary may be detrimental for total energy consumption.

At this point, two observations are in order: First, since dif-
ferent tasks may use different I/O devices and may have differ-
ent effective switching capacitance and off-chip/on-chip work-
load ratios, in general, the energy-efficient speed will vary
from task to task. Second, the timing constraints of the task
set may force the use of a higher speed for a given task τi, but
Si should never be reduced below Seff,i (which is τi’s energy-
efficient speed), because doing so increases the task (and sys-
tem) energy consumption.

4 Static Optimal Solution

In this section, we consider the following problem: Given a
DVS-enabled CPU and a periodic task set Ψ = {τ1, . . . , τn},
where each task may have different frequency-independent
and frequency-dependentactive power consumption character-

istics as well as different on-chip execution and off-chip access
times, find the task-level speed assignments that would mini-
mize overall energy consumption while preserving the feasi-
bility.

First, we would like to underline that it is relatively easy to
justify the same speed assignment to different instances (jobs)
of the same task: this follows from the convexity of task energy
function2.

Based on this, the energy minimization problem over the
hyperperiod (least common multiple, LCM, of all the task pe-
riods) can be casted using the utilization information of tasks.
Specifically, we can re-write Equation (2) as:

Ei(Si) = (Pdep,i(Si) + Pind,i) · (ux
i

Si
+ uy

i ) · LCM (5)

to express the energy consumption of task τi during the hyper-
period.

Then, the problem becomes finding the {Si} values so as
to:

minimize
n∑

i=1

Ei(Si) (6)

subject to
n∑

i=1

ux
i

Si
≤ Ubound = 1 −

n∑
i=1

uy
i (7)

Smin ≤ Si ≤ Smax i = 1, . . . , n (8)

This is a separable convex optimization problem with convex
constraints.

Above, the constraint (7) encodes the feasibility condition:
with EDF, the effective utilization of the task set cannot ex-
ceed 100%. The effective utilization of the task set is given
by

∑n
i=1

ux
i

Si
+

∑n
i=1 uy

i . Observe that the total utilization
due to off-chip access times, namely

∑n
i=1 uy

i , does not de-
pend on the CPU speed. Hence, the total utilization due to
the on-chip computations, namely,

∑n
i=1

ux
i

Si
is bounded by

Ubound = 1 − ∑n
i=1 uy

i . The constraint set (8) gives the mini-
mum and maximum speed bounds of the processor.

As a first step, we process and modify the lower bound con-
straints as it is not beneficial to reduce the speed of any task
below its energy-efficient speed. In fact, this also allows us to
find the optimal speed values for some trivial cases.

Proposition 2 If Seff,i ≥ Smax then Si = Smax in the opti-
mal solution.

This follows from the fact that Ei(Si) is convex on positive
numbers: E′′(Si) > 0 and E′(Si) is strictly increasing. Since
we know that E′

i(Seff,i) = 0, we can see that E′
i(Si) < 0

and Ei(Si) is strictly decreasing in the interval (0, Seff,i]. If
Seff,i ≥ Smax, choosing Si = Smax would minimize Ei(Si),

2If in the optimal solution multiple jobs had different speeds, assigning all
the jobs a new and constant speed which is the arithmetical mean of existing
assignments would hurt neither feasibility nor energy savings.



and consequently, the separable objective function. Further,
running at the maximum speed can never have an adverse ef-
fect on the feasibility.

Hence, without loss of generality, in the remainder of the
paper, we assume that Seff,i < Smax for all the tasks: if this
does not hold for a given task τi, we can easily set its speed
to Si = Smax, update Ubound as Ubound − ux

i and obtain a
smaller version of the problem with n − 1 unknowns.

By defining Slow,i = max{Smin, Seff,i}, we can now in-
corporate the energy-efficient speed values to the formulation
of the problem.

minimize
n∑

i=1

Ei(Si) (9)

subject to
n∑

i=1

ux
i

Si
≤ Ubound = 1 −

n∑
i=1

uy
i (10)

Slow,i ≤ Si ≤ Smax i = 1, . . . , n (11)

We will distinguish two cases for the solution of the op-
timization problem above, depending on whether the quan-
tity

∑n
i=1 Ui(Slow,i) (effective total utilization with Si =

Slow,i ∀ i) exceeds 100% or not. Thanks to the transformation
above, observe that Ei(Si) is strictly increasing in the interval
[Slow,i, Smax] for each task τi. Hence, if total effective utiliza-
tion does not exceed 100% when all tasks run at their energy-
efficient speeds (Case 1), then these speed assignments must
be optimal:

Proposition 3 If
∑n

i=1 Ui(Slow,i) ≤ 1.0 then Si = Slow,i ∀ i

in the optimal solution.

Proposition 3 should be contrasted against the early results
in RT-DVS research [2, 19], where the sole consideration of
dynamic CPU power suggested reducing the speed as much
as the feasibility allows. As can be seen, with frequency-
independent power considerations, some CPU capacity may
remain idle in the system-wide energy-optimal solution. For
Case 2 (

∑n
i=1 Ui(Slow,i) > 1.0), we have the following.

Proposition 4 If
∑n

i=1 Ui(Slow,i) > 1.0 then, in the optimal
solution, the total effective utilization

∑n
i=1 Ui(Si) is equal to

100 %.

Proof: Suppose that
∑n

i=1 Ui(Slow,i) > 1, yet with op-
timal speed assignments {Si},

∑n
i=1 Ui(Si) < 1. Let ∆ =

1 − ∑n
i=1 Ui(Si) > 0. Note that since ∆ > 0, there must

be at least one task τj that runs at a speed Sj > Slow,j . It is
always possible to reduce Sj by a small value ε in such a way
that it remains above Slow,j and that the total effective utiliza-
tion is still below 100%. Since Ei(Si) is strictly increasing
in the interval [Slow,i, Smax], this would reduce the total en-
ergy consumption and still preserve the feasibility. We reach a
contradiction since the proposed solution cannot be optimal.�

Thus, in the case where
∑n

i=1 Ui(Slow,i) > 1.0, we ob-
tain the following optimization problem, denoted as problem
ENERGY-LU.

minimize
n∑

i=1

Ei(Si) (12)

subject to
n∑

i=1

ux
i

Si
= 1 −

n∑
i=1

uy
i (13)

Slow,i ≤ Si i = 1, . . . , n (14)

Si ≤ Smax i = 1, . . . , n (15)

This a separable convex optimization problem with n un-
knowns, 2 n inequality constraints and 1 equality constraint.
This problem can be solved in iterative fashion in time O(n3),
by carefully using the Kuhn-Tucker optimality conditions for
convex optimization [17]. Full details of our solution are given
in Appendix.

4.1 Experimental Results

In order to quantify the gains of the optimal scheme, we im-
plemented a discrete event simulator. We generated 1000 syn-
thetic task sets, each containing 20 periodic tasks. The peri-
ods of the tasks were chosen randomly in the interval [1000,
72000]. For each task set, we gradually increased the total uti-
lization, and for each utilization value, we iteratively modified
the proportion of the off-chip workload to the total (i.e. the
summation of off-chip and on-chip) workload. For each data
point, the energy consumption of the task set during the hy-
perperiod (LCM) is recorded and an average is computed. The
effective capacitance and frequency-independent active power
of each task was selected randomly according to uniform dis-
tribution in the interval [0.1, 1.0]. The frequency-dependent
active power of task τi is given by Cf,i S3. In this set of exper-
iments, each task instance is assumed to present its worst-case
workload.

We compare the performance of three schemes:

• Our optimal scheme, in which an optimal speed Si is
computed separately for each task τi through the algo-
rithm we described, considering various components of
task’s power consumption, before run-time.

• The scheme in which all tasks run with speed S = Utot.
Note that this speed is known to be optimal for periodic
EDF scheduling [2, 19], but when considering only the
dynamic CPU power.

• The scheme where all tasks run with the speed S∗ =Pn
i=1 ux

i

1−P
n
i=1 uy

i
. This speed is known to be the minimum speed

that still guarantees the feasibility, when one takes into
account the information about the off-chip and on-chip
workloads of tasks [5, 23]. In general, S∗ ≤ Utot, hence,
this approach enables the system to adopt even lower
speed levels without compromising the feasibility.



Figure 3 presents the performance of the three schemes,
as a function of the system utilization Utot. The energy con-
sumption figures are normalized with respect to the case where
Utot = 100%. Here, the ratio of the off-chip workload to the

total workload (namely, γ =
Pn

i=1 uy
iP

n
i=1(uy

i +ux
i )

) is set to 0.2. The
results show that when utilization is high (say, larger than 0.8),
there is little difference between all three schemes, as the sys-
tem has to use high CPU speed to guarantee feasibility. How-
ever, at low to medium utilization values, the advantage of us-
ing the optimal scheme becomes apparent (for Utot ≤ 0.5,
gains around or exceeding 50% are possible). It is also worth
observing that the scheme using the speed S∗ performs worse
than the scheme using S = Utot, simply because, for many
tasks, the energy-efficient speed was found to be greater than
S∗.

In Figure 4, we show the effect of modifying the off-chip
workload ratio γ, when Utot is fixed to 50%. The relative order
of three schemes are the same, however, the advantage of using
the optimal scheme over the (conventional) S = Utot approach
becomes more emphasized at low off-chip workload ratios.
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Figure 3: Energy consumption as a function of utilization
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5 Dynamic Reclaiming for System-
Level Power Management

The algorithm presented in Section 4 computes the optimal
speed assignments to minimize the system-level total energy
consumption, by taking into account task characteristics as
well as frequency-dependent and independent active powers.
However, in practice, even when one schedules all the tasks
with the corresponding static optimal speeds, many task in-
stances complete without presenting their worst-case workload
in practice. In fact, reclaiming unused computation time to re-
duce the CPU speed while preserving feasibility was subject to
numerous research papers in recent years [2, 3, 9, 19], though
most of them focused exclusively on dynamic CPU power. In
[2, 3], a generic dynamic reclamation algorithm (GDRA) was
proposed for power-aware scheduling of periodic tasks. Later,
the same algorithm was modified for use with power-aware
scheduling of mixed real-time workloads (Extended Dynamic
Reclaiming Algorithm - EDRA) [4] and energy-constrained
scheduling of periodic tasks [1].

The algorithm we are about to present (System-Level Dy-
namic Reclaiming Algorithm - SDRA) is a generalization of
EDRA for system-wide power management. Before present-
ing the specific enhancements, we provide a brief review of
EDRA. In EDRA, each task instance τi,j assumed a nominal
(default) speed of Ŝi. At dispatch time, this nominal speed
was reduced by computing the unused CPU time of already-
completed tasks (called the earliness factor of τi,j).

EDRA is based on dynamically comparing the actual sched-
ule to the static scheduleScan(in which each task instance runs
with its nominal speed and presents its worst-case workload).
To perform the comparison, a data structure (called α-queue)
is maintained and updated at run-time. The α-queue represents
the ready queue of Scan at time t. Specifically, at any time
t, the information about each task instance τi,j that would be
ready at t in Scanis available in α-queue, including its identity,
ready time, deadline and remaining execution time (denoted by
remi,j)3. EDRA assumes that tasks are scheduled according
to EDF* policy [2]. EDF* is the same as EDF [15], except
that, it provides a total order of all task priorities by breaking
the ties in a specific way among task instances with the same
deadlines [2]. The α-queue is also ordered according to EDF*
priorities. We denote the EDF* priority-level of task τi by d∗i
(low values denote high priorities).

The key notation and rules pertaining to SDRA are pre-
sented in Figures 5 and 6, respectively. Rules 1-3 provide the
update rules for the α-queue structure at important “events”
(task arrival/completion), while Rule 4 shows how the speed
of a task τi is reduced by evaluating its earliness at dispatch

3Since there can be at most one ready instance of a periodic task at anytime
t, we will drop the second index in remi,j and in other α−queue related
notation.



time. εi(t) represents the unused computation time of tasks at
higher or equal priority level with respect to τi at time t: these
tasks would still have some non-zero remaining execution time
in Scan, but now they must have been completed because τi is
the highest priority task in the system. Observe that remi val-
ues are available in the α-queue.

The difference between SDRA and EDRA [4] lies on the
rules 4.3 and 4.4 and is justified on the following two princi-
ples:

(a.) For system-level energy-efficiency, a task’s speed should
never be reduced beyond Slow,i, even when the current
earliness suggests doing so, and,

(b.) When the additional CPU time βi to be given to τi is de-
termined, the new speed Si should be determined by tak-
ing into account both off-chip and on-chip components of
the remaining workload.

Specifically, to achieve (a.) above, Rule 4.3 takes into ac-
count the difference between the remaining worst-case exe-
cution times of the task under the speed Slow,i and current
speed Si, and compares against current earliness. Once the
extra CPU time βi to be allocated to τi is determined, the al-
gorithm computes the new speed Snew,i by making sure that

the equality wSi

i + βi = x̄i(t)
Snew,i

+ ȳi holds after the speed
adjustment.

It is relatively easy to justify the correctness of SDRA, by
taking into account that the additional CPU time reclaimed
by SDRA is always smaller than or equal to the task’s earli-
ness (which means the algorithm is less aggressive than EDRA
whose correctness was proven in [4]). Note that the speed
computation at step 4.4 is determined uniquely by the extra
CPU time allocation (which also determines the feasibility),
and simply reflects the fact that the algorithm is cognizant of
the off-chip/on-chip workload information of the running task.

5.1 Experimental Results

In this section, we experimentally evaluate the performance
improvements due to dynamic reclaiming, and in particular,
SDRA. The basic experimental settings are identical to those
given in Section 4.1. However, one important addition is the
fact that we also investigated the effect of variability in the
actual workload. Specifically, for each (worst-case) utiliza-
tion and off-chip/on-chip workload ratio, we simulated the ex-
ecution of each task set 20 times over LCM, determining the
actual execution time of each task instance (job) randomly at
every release time. The actual workload of the task is deter-
mined by modifying the BCET

WCET ratio (that is, the best-case to
worst-case execution time ratio). The actual execution time of
each job is chosen randomly, following a uniform probability
distribution in the interval [BCET, WCET ].

• Scan: The “canonical” schedule in which each task τi

runs with its nominal speed Ŝi and presents its worst-
case workload Ci = xi

cSi
+ yi at every instance

• remi(t): the remaining execution time of τi at time t
in Scan

• x̄i(t): the remaining on-chip workload of task τi in
the actual schedule at time t

• ȳi(t): the remaining off-chip workload of task τi in
the actual schedule at time t

• wS
i (t): the remaining worst-case execution time of

task τi under the speed S at time t in the actual sched-
ule, given by: wS

i (t) = x̄i(t)
S + ȳi

• εi(t): The earliness of task τi at time t in the actual
schedule, defined as:

εi(t) =
∑

j|d∗
j <d∗

i
remj(t) + remi(t) − w

cSi

i (t) =
∑

j|d∗
j≤d∗

i
remj(t) − w

cSi

i (t)

Figure 5: Key Notation for SDRA

Rules for SDRA

1. Initialize the α-queue to the empty-list.

2. At every event (arrival/completion), consider the
head of the α-queue and decrease its remi value by
the amount of elapsed-time since the last event. If
remi is smaller than the time elapsed since the last
event, remove the head, update the time elapsed since
the last event, and repeat the update with the next el-
ement. This is done until all “elapsed time” is used.

3. At every new arrival, insert into the α-queue, in the
correct EDF* order, the information regarding the

new instance of task τi,j with remi(t) = w
cSi

i .

4. Whenever τi is about to be dispatched at time t:
4.1. Set Si = Ŝi.
4.2. Consult the α-queue and compute the earliness

εi(t) of τi.
4.3. Compute the extra CPU time that will be given

to τi as βi = min{εi(t), w
Slow,i

i − wSi

i }.
4.4. Reduce the speed of task τi by allocating an ex-

tra βi time units:
Si = x̄i

w
Si
i +βi−ȳi

5. At every event of preemption or completion of a task,
say τi, decrease the value of the remaining execution
time: wSi

i = wSi

i −∆t, where ∆t is the time elapsed
since the task τi was last dispatched.

Figure 6: System-Level Dynamic Reclaiming Algorithm
(SDRA)

Figure 7 shows the performance comparison of three
schemes with reclaiming enabled, when BCET

WCET = 0.25 and
γ = 0.2. As tasks complete early, more energy savings
can be obtained when compared to Figure 3 in all three



schemes, through reclaiming, and the optimal scheme’s ad-
vantage is now emphasized even at high utilization values:
when tasks complete early, SDRA re-uses the dynamic slack
optimally, by considering energy-efficient speed threshold and
task power/workload characteristics. Figure 8 presents the ef-
fects of varying γ for the same settings, where BCET

WCET = 0.25
and Utot = 0.5. Though energy gains are still more significant
(due to reclaiming), it is interesting to note that the perfor-
mance of S = Utot is highly sensitive to the the off-chip/on-
chip workload characteristics. Finally, in Figure 9, the effects
of varying the BCET

WCET ratio are explored, for Utot = 0.5 and
γ = 0.2. The energy gains change almost linearly for all three
schemes with varying BCET

WCET ratio, and the gains of the opti-
mal scheme are more pronounced when the variability in the
workload is highest.
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Figure 7: Energy consumption as a function of utilization
(with dynamic reclaiming)
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6 Conclusions

In this paper, we addressed the problem of minimizing overall
energy consumption of a real-time system, considering a gen-
eralized power model. Unlike many previous RT-DVS studies
in which the focus was dynamic CPU power, our solution takes
into account the frequency-dependent and -independent power
components, as well as the power consumption of components
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Figure 9: Energy consumption as a function of workload vari-
ability

other than the CPU. We also considered the off-chip/on-chip
workload information of different tasks. After showing how
the task-level energy-efficient speed levels can be computed in
this generalized model, we formulated the problem as a convex
optimization problem and derived an iterative, polynomial-
time solution using Kuhn-Tucker optimality conditions. Fi-
nally, we provided a dynamic reclaiming extension for settings
where tasks complete early. Our experimental results show
that the gains of our optimal scheme are considerable, espe-
cially at low-to-medium utilization, or high workload variabil-
ity conditions. To the best of our knowledge, this paper is the
first research effort to provide an optimal solution for system-
level energy minimization in real-time systems with periodic
tasks, under a generalized power model.
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APPENDIX: Solution of Problem ENERGY-LU

Our strategy while solving the problem ENERGY-LU will be as
follows. We will temporarily ignore the upper bound constraints (15),
and obtain a new problem (called ENERGY-L) by considering only
the inequality constraint (13) and the lower bound constraints (14). If
the solution of ENERGY-L satisfies also the upper bound constraints
(15), then it corresponds to the solution of ENERGY-LU, since the
feasible region of the latter is contained in that of the former. How-
ever, if some upper bound constraints are violated, then we will show
how to iteratively adjust the solution to solve ENERGY-LU. We first
formally define the problem ENERGY-L:

minimize
nP

i=1

Ei(Si) (16)

subject to
nP

i=1

ux
i

Si
= 1 −

nP

i=1

uy
i (17)

Slow,i ≤ Si i = 1, . . . , n (18)

Let Γ = {i|S2
max
ux

i
· E′

i(Smax) ≤ S2
max
ux

j
E′

j(Smax) ∀j}. In-

formally, Γ contains the indices of tasks for which the quantity
S2

max
ux

i
· E′

i(Smax) is minimum among all tasks.

Lemma 1 If the solution of ENERGY-L violates upper bound con-
straints given by (15) then, in the solution of ENERGY-LU, Si =
Smax ∀i ∈ Γ.

Proof: A well-known result of the nonlinear optimization theory
states that the solution of Problem ENERGY-LU should satisfy so-
called Kuhn-Tucker conditions [17]. Furthermore, Kuhn-Tucker con-
ditions are also sufficient in the case of convex objective functions
[17]. For the convex optimization Problem ENERGY-LU, Kuhn-
Tucker conditions comprise the constraints (13), (14), (15) and :



E′
i(Si) − λ

ux
i

S2
i

+ µ̄i − µi = 0 i = 1, 2, .., n (19)

µ̄i(Smax − Si) = 0 i = 1, 2, ., .n (20)

µi (Si − Slow,i) = 0 i = 1, 2, ., .n (21)

µ̄i ≥ 0 i = 1, 2, .., n (22)

µi ≥ 0 i = 1, 2, .., n (23)

where λ, µ̄1, µ̄2, . . . , µ̄n, µ1, µ2, . . . , µn are Lagrange multipliers.
The necessary and sufficient character of Kuhn-

Tucker conditions indicates that any 3n + 1 tuple
(S1, . . . , Sn, µ1, . . . , µn, µ̄1, . . . , µ̄n, λ) which satisfies the
conditions (19) . . . (23) and constraints (13), (14), (15) provides
optimal Si values for ENERGY-L.

Similarly, the necessary and sufficient Kuhn-Tucker conditions for
the problem ENERGY-L include the constraints (17), (18), and :

E′
i(Si) − λ

ux
i

S2
i

− µi = 0 i = 1, 2, .., n (24)

µi (Si − Slow,i) = 0 i = 1, 2, ., .n (25)

µi ≥ 0 i = 1, 2, .., n (26)

where λ, µ2, . . . , µn are again Lagrange multipliers.
Comparing the Kuhn-Tucker conditions for problems ENERGY-

LU and ENERGY-L, we note that at least one µ̄i should be definitely
larger than zero, if the solution of ENERGY-L violates some upper
bound constraints of ENERGY-LU. This is because, if µ̄i = 0∀ i,
then in the Kuhn-Tucker conditions for problem ENERGY-LU, the
equations (20) and (22) vanish, and the equation (19) becomes iden-
tical to the equation (24); implying that both sets of Kuhn-Tucker
conditions (hence, the optimal solutions of two problems) coincide.
But this contradicts the assumption that we made.

Similarly, if µ̄i > 0 ∃ i, (which should be the case if the solu-
tion of ENERGY-L violates the constraints of ENERGY-LU), then
µi should be zero: otherwise, Equations (20) and (21) would imply
that Si = Smax = Slow,i, which is a contradiction.

Now we are ready to prove the lemma. We will essentially show
that, under the condition specified in the lemma, the Lagrange mul-
tipliers µ̄i, (i ∈ Γ) are all non-zero, which will imply (by (20)) that
Si = Smax ∀ i ∈ Γ. Suppose ∃m ∈ Γ such that µ̄m = 0. From the
discussion in the preceding paragraphs, we know that ∃j ∈ Γ such
that µ̄j > 0 and µj = 0. Using (19), we can write

S2
m

ux
m

E′
m(Sm) − S2

m

ux
m

µm =
S2

j

ux
j

E′
j(Sj) +

S2
j

ux
j

µ̄j

which gives (since Sj = Smax):

S2
m

ux
m

E′
m(Sm) =

S2
max

ux
j

E′
j(Smax) +

S2
m

ux
m

µm +
S2

max

ux
j

µ̄j

(µm ≥ 0, µ̄j ≥ 0) (27)

Since Sm is necessarily less than or equal to Smax, we can conclude

that S2
max
ux

j
E′

j(Smax) <
S2

m
ux

m
E′

m(Sm) ≤ S2
max
ux

m
E′

m(Smax), which

contradicts the assumption that m ∈ Γ. �

Solving ENERGY-L

Having shown how to solve the problem ENERGY-LU if we have the
solution of ENERGY-L, we now address the latter. First, we state a
sufficient condition for the optimal solution of ENERGY-L.

Lemma 2 A set of speed assignments SX = {S1, . . . , Sn} is the
solution to ENERGY-L, if it satisfies the property

S2
i

ux
i

E′
i(Si) =

S2
j

ux
j

E′
j(Sj) ∀ i, j such that Si, Sj ∈ SX (28)

in addition to the constraint sets (17) and (18).

Proof: By re-visiting the Kuhn-Tucker conditions (24), (25), (26),
which are necessary and sufficient for optimality, we observe that
the condition given in the lemma coincides with the case where µi =
0 ∀i. Indeed, in that case, the equation (24) becomes identical to (28),
and all constraints involving µi variables vanish. If the Si values ob-
tained in this way satisfy the constraint sets (18) and (17) at the same
time, then the selection of µi = 0 ∀i should be optimal as all Kuhn-
Tucker conditions hold. �

Let us define by hi(λ) the inverse function of S2
i

ux
i
E′

i(Si); in other

words, hi(λ) = Si if S2
i

ux
i
E′

i(Si) = λ. Note that, evaluating hi(λ)

will typically involve solving a cubic or quadratic equation, for which
closed form solutions do exist. Also, if we set a given Si value to
a constant, then all other Sj values are uniquely determined by the

hi() functions. Moreover, S2
i

ux
i
E′

i(Si) is strictly increasing with Si ∀ i.

Hence, the unique set of speed assignments SX that satisfy (28) and
(17), can be obtained by finding the unique λ such that

Pn
i=1

ux
i

hi(λ)
=

1 −
nP

i=1

uy
i . If SX satisfies also the lower bound constraints, then it

is the solution of ENERGY-L, by virtue of Lemma 2. However, we
need to deal with a last case, in which SX violates the lower bound
constraints. In order to address this, we need to define a (last) set.

Let Π = {i|S2
low,i

ux
i

E′
i(Slow,i) ≥ S2

low,j

ux
j

E′
j(Slow,j) ∀j}. Infor-

mally, Π contains the indices of tasks for which the quantity
S2

low,i

ux
i

·
E′

i(Slow,i) is maximum among all tasks.

Lemma 3 If SX violates the upper bound constraints given by (18),
then, in the solution of ENERGY-L, Si = Slow,i ∀i ∈ Π.

Proof: The proof of Lemma 3 is similar to that of Lemma 1.
In fact, if SX (which corresponds the the candidate solution when
all µi values set to zero) violates the lower bound constraints, then
∃j µj > 0 and Sj = Slow,j (due to (25)). We will prove that,
under the condition specified in the lemma, the Lagrange multipli-
ers µi, i ∈ Π should be all non-zero, which will imply (by 25) that
Si = Slow,i∀ i ∈ Π.

Suppose ∃m ∈ Π such that µm = 0. From the preceding dis-
cussion, we know that ∃j ∈ Π such that µj > 0. Using (24), we

can write S2
m

ux
m

E′
m(Sm) =

S2
j

ux
j
E′

j(Sj) − S2
j

ux
j
µj , which gives (since

Sj = Slow,j):

S2
m

ux
m

E′
m(Sm) =

S2
low,j

ux
j

E′
j(Slow,j) − S2

low,j

ux
j

µj(µj ≥ 0) (29)

At this point, since Sm ≥ Slow,m, we can conclude that
S2

low,j

ux
j

E′
j(Slow,j) >

S2
m

ux
m

E′
m(Sm) ≥ S2

low,m

ux
m

E′
m(Slow,m), which

contradicts the assumption that m ∈ Π.

Complexity: Note that ENERGY-L can be solved in time O(n2):
evaluating SX takes linear time, and if SX violates (some) lower
bound constraints, then we determine at least one optimal Si value
at each iteration. If SX satisfies all the lower bound constraints, then
the solution of ENERGY-L (at that iteration) coincides with SX .
The same observation holds for ENERGY-LU: The algorithm will in-
voke the corresponding ENERGY-L algorithm at most n times, find-
ing at least one optimal Si value at every iteration. Hence, overall
time complexity is O(n3).


