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Abstract

Man-made environments posses a lot of regularities which
simplify otherwise dif cult pose estimation and visual re-
congtruction tasks. The constraints arising from parallel
and orthogonal linesand planescan beef ciently exploited
at various stages of vision processing pipeline. In this pa-
per we propose an approach for estimation of vanishing
points by expl oiting the constraints of structured man-made
environments, where the majority of lines is aligned with
the principal orthogonal directions of the world coordi-
nate frame. We combine ef cient image processing tech-
niques used in the line detection and initialization stage
with simultaneous grouping and estimation of vanishing di-
rections using expectation maximization (EM) algorithm.
Since we assume uncalibrated camera the estimated van-
ishing points can be used towards partial camera calibra-
tion and estimation of the relative orientation of the camera
with respect to the scene. The presented approach is com-
putationally ef cient and has been veri ed extensively by
experiments.

Key words: Vanishing point estimation, relative orienta-
tion, calibration using vanishing points, vision guided mo-
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1 Introduction

The problem of recovering relative orientation of the cam-
era with respect to the scene is of importance in a variety
of applications which require some knowledge of the envi-
ronment’s geometry. These range from basic structure and
motion or pose recovery problems from single or multiple
views, autonomous robotic navigation, manipulation and
human computer interaction tasks. Common to these appli-
cationsisthe need for establishment of the relative pose of
the camera with respect to the scene reference frame. The
desired accuracy varies based on the application. In the
case of man-made environments, which posses alot of reg-
ularities, such as presence of setsof parallel and orthogonal
lines and planes, the relative orientation can be determined
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from vanishing points and lines in the image plane.

This paper describes an approach for the estimation of van-
ishing pointsin structured man-made environments. While
partial solutions to this problem have been addressed nu-
merous times in the past, the proposed approaches vary
in the level of automation of the process, computational
complexity, feature detection, assumptions about camera
calibration, initialization and grouping stage as well as
the choice of line representation and geometric estimation
technique. We believe that the robustnessand  exibility of
the presented approach is superior to the previously sug-
gested techniques and it is a'so amenable to implementa-
tion on robotic platforms. The additional appeal of the
technique is in the fact that it does not require calibrated
camera. Conseguently the estimated vanishing points can
be used for partial camera calibration yielding more exi-
ble overall system.

1.1 Paper outline

This paper describesacompletely automated process of de-
tecting the vanishing points in the image. We describe the
individual steps of the approach aswell as the rationale be-
hind the individual choices. The stages include detection
of the image line segments, line tting, initialization, fol-
lowed by grouping of the linesinto dominant vanishing di-
rections and estimation of vanishing points. We assume
that the camera is not calibrated and discuss some choices
of the objectivefunctionsfor the vanishing point estimation
problem.

2 Related Work

There are numerous articles related to the subproblems and
techniques used in our approach. We will review more re-
cent representatives and point out the commonalities and
differences between individual stages. The starting point
commonto al techniquesfor detection of vanishing points
is the line detection and line tting stage. The traditional
textbook approach suggests the edge detection, followed
by edge chaining and line tting. The observation that in
man-made environments the majority of line segments is
aligned with three principal orthogonal directions can make
this stage more ef cient. In cases when the camera s cal-



ibrated, the image line segments are represented as unit
vectors on the Gaussian sphere corresponding to the plane
normals passing through the center of projection. Sev-
eral techniques for both grouping and initialization stage
on the Gaussian sphere have been proposed [1, 2, 4]. The
main advantage of the Gaussian sphere representationisthe
equal treatment of all possible vanishing directions, includ-
ing those at in nity, which are represented by vectors par-
allel to the image plane. The clear appeal of the Gaussian
sphererepresentation is hindered by thefact that is assumes
calibrated camera. An alternative image based representa-
tions of the line segments have been used in [10, 12, 6].

The techniques proposed for the initialization and group-
ing stage employ different types of the accumulator space,
where the peaks correspond to the dominant clusters of line
segments.  Both in [1, 4] the Gaussian sphere was sug-
gested as an accumulator space, where the lines correspond
to great circles and vanishing directionsto the intersections
of great circles on the sphere. Hough space has been aso
used in the accumulation stage [11, 13]. An dternativeini-
tialization schemes using the image based representations
which considered all pairwise intersections of the detected
line segments have been proposed by [12, 2]. While the
techniques which consider al pairwise intersections, has
been previously shown to lead to more accurate detection
they have quadratic running time in the number of line seg-
ments. When the number of line segmentsislarge the com-
plexity issues matter, specially in the case when one would
like to employ such techniques possibly in an online man-
ner. This point was argued in [1] who suggested linear
initialization and grouping technique for the detection of
vanishing directions.

At last the previously proposed techniques differ in the
type of error measure used to quantify the distance between
a line segment and vanishing direction, which determines
the objective function to be minimized. For the Gaussian
sphereline representations, the objective functions are typ-
ically linear and can be minimized in the closed form using
weighted linear least squares [4, 1]. In the case of image
based representations either the angle between the vanish-
ing line and vanishing direction is minimized or the dis-
tance of the line end points from the vanishing direction.
In both cases the error measure leads to nonlinear functions
of the unknowns[10, 6] and involvesiterative optimization
techniques.

3 Approach

Our approachis most closely related to theworksof [1] and
[10Q]. In the grouping stage we adopt similar strategy to the
one suggested by [1] without the need of calibrated cameras
and moreef cientinitialization scheme. We explorediffer-
ent choices of objective functions and demonstrate the fea-

sibility of the Gaussian sphere representation for grouping
and estimation in the case of uncalibrated camera. The ba-
sic premise of our approach is the observation that the dis-
tribution of the gradient orientation re ects the actual ori-
entation of the line segment in the image and that in man-
made environments the mgjority of the line segments is
aligned with the three principal orthogonal directionsi; j; k
associated with the world frame. These observations are
used both in the line detection stage and initialization stage
and favorably affect the speed of the algorithm.

3.1 Line Detection Stage

The rst step of the line detection stage is the computation
of image derivatives using, for the ef ciency reasons, So-
bel edge detector. Theline tting stagefollowsan approach
suggested by [8]. The gradient direction is quantized into
a set of k ranges, where all the edge pixels having an ori-
entation within the certain range fal into the correspond-
ing bin and are assigned a particular label. In our case
k = 16. The edge pixels having the same label are then
grouped together using connected components algorithm.
For the purpose of calculation of vanishing points we only
consider dominant connected components, whose length is
beyond certain threshold, which depends on the size of the
image (e.g. inour case t; = 15 for 400 300 image size).
The line segment candidates are obtained by tting a line
parameterized by an angle and distance from the origin
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Each obtained connected component isalist of edge pixels
(xi;yi) with the similar gradient orientation, which form
the line support regions. The line parameters are directly
determined from the eigenvalues 1 and , and eigenvec-
tors vq1 and v, of the matrix D associated with the line
support region:
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wherex; = X; Xxandy; =y; Yy arethemean corrected
pixelscoordinates bgpngi ngto aparti ciglar connected com-
ponentandx = L~ ,xjandy = 1 .y;. Incaseof an
ideal line one of the eigenvalues should be zero. The qual-
ity of the line t is characterized by the ratio of the two
eigenvalues of matrix D, = . The line parameters
( ; ) aredetermined from the eigenvectorsvy; v,, where
V1 isthe eigenvector associated with thelargest eigenvalue.
Theline parameters are computed as:

atan2(v1(2); v1(1))
= Xcos +ysin 3

where (X;y) is the mid-point of the line segment. In prac-
tice many detected line segments do not belong to the envi-
ronment structure and are due to either shadow or shading
effects. These spuriousline segmentsareinevitableand de-
pend on the choice of the threshold, which in this stage was



selected globally for the entireimage. The threshold choice
islater used in computation of the weighting factorsfor the
grouping process.

3.2 Vanishing point estimation

Prior to vanishing point estimation the line segments ob-
tained in the previous stage need to be grouped into the
dominant vanishing directions. In general such grouping
can be a dif cult problem, since any two parallel linesin-
tersect in a vanishing point, possibly yielding a large set
of vanishing points. However in the case of man-made en-
vironments the dominant vanishing directions are the ones
aligned with the principal axes i; j; k of the world coordi-
nate frame and the majority of the parallel lines will be
aligned with these directions. We suggest to address the
grouping stage and vanishing point estimation stage as a
problem of probabilistic inference with an unknown model.
In such instances the algorithm of choice is the Expecta
tion Maximization algorithm (EM), which simultaneously
estimates the coordinates of vanishing points as well asthe
probabilitiesof individual line segmentsbelonging to apar-
ticular vanishing directions. The main differences between
the previous EM approach [1] and this one, is our assump-
tion of an uncalibrated camera, different likelihood func-
tion and more ef cient initialization stage.

Our godl is to estimate most likely orthogonal vanishing
directions, given a set of line segments, so as to maximize
the posterior probability of the vanishing directions. Using
Bayes rule, we can express the posterior distribution of the
vanishing points given line segments, in terms of the con-
ditional distribution and prior probability of the vanishing
points:

p(li j Vip(Vk)
p(li)

Considering the detected set of line segments, majority of
them can be class ed as arising from one of the principal
vanishing directions. Hence for a particular line segment,
p(l;) can be expressed using the conditional mixture model
representation:

p(vk jli) = 4)

p(i) = p(vi)p(li j vi) ©)
k=1

where m is the number of possible vanishing directions.
This number will vary depending on the image, but in gen-
eral we will assume that there are at most four signi cant
models, three corresponding to the dominant vanishing di-
rections and an additional one modeling the outliers pro-
cess. Thelines which do not belong to the vanishing direc-
tion aligned with the principal directions are considered to
be outliers. The choice of the likelihood term p(l; j vi)
depends on the line representation, as well as the form of
the abjective function to be minimized.

3.2.1 Linerepresentation: In the perspective cam-
era projection model, the 3D coordinates of points X =
[X;Y;Z;1]" are related to their image projections x =
[x;y;1]" in afollowing way:

x =PgX

where P = [l3 3;0] 2 R® 4 is the projection matrix,
g = (R;T) 2 SE(3) isarigid body transformation repre-
sentedby 4 4 matrix using homogeneous coordinates and
isthe unknown scale corresponding to the depth Z of the
point X. Given two image points X; and X, the line seg-
ment passing through the two endpointsis represented by a
plane normal of a plane passing through the center of pro-
jection and intersecting theimage in alinel, such that | =
X1 X2 = Rixo!. The unit vectors corresponding to the
plane normals|; can viewed as pointson aunit sphere. The
vectors l; corresponding to the parallel lines in 3D world
al lie in the common plane and their vanishing direction
corresponds to the normal of that plane. Given two lines
the common normal isdeterminedby v =1; I, = kp]_lz.
Hence given a set of line segments corresponding to paral-
lel linesin 3D, the common vanishing direction v can be
obtained by solving thelfgllowi ng linear least squares esti-
mation problem: miny -, (IT v)2. This particular |east
sguares estimation problem has be studied previoudy in [4]
and [7]. Given aset of line segments belonging to the same
vanishing direction, the orthogonal least squares solutionis
applicable regardless of the camera being calibrated. The
absence of calibration however affects the grouping stage.
In the following section we will demonstrate that the ab-
sence of calibration can be remedied by a proper normal-
ization scheme, which does not affect the nal estimates.

In the case of uncalibrated camera the image coordinates
undergo an additional transformation K which depends on
theinternal camera parameters:

2 3
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where T is the focal length of the camerain pixel units, k
is the aspect ratio and [ox; 0y; 1]7 is the principal point of
the camera. Consider now a line in the uncalibrated case
speci ed by the end points x§ and x}, then:

|(:J|_ = h%_XOZ = |g1KX2 =K T(H]_Xz) =K Tl]_

where we have exploited the fact that AT bA = ANy for
any v 2 R®and A 2 SL(3). Hence in the uncalibrated
case the vanishing point v computed as a normal to the
plane spanned by vectors I and 1%; v® =15 1% isrelated
to the actual vanishing direction in the calibrated space by
the unknown transformation K, namely v! = Kv. Inthe
absence of calibration the distance between two vanishing

1% is a skew symmetric matrix associated with X = [x1; X2; X3] " .



directions characterized by the inner product between two
vectors vi; v, becomesviv, = viT K TK v} where
vi = K V). Note that the inner product is now depen-
dent on an unknown matrix S = K TK 1, which causes
a distortion of the overall space. This observation affects
the grouping stage, where we seek so assign the individual
line segments to the dominant vanishing directions, which
in the calibrated case are well separated on the Gaussian
sphere. In order to reduce the effects of the distortion and
make the grouping well conditioned we propose to normal-
ize the measurements.

3.2.2 Normalization: Prior starting the estimation
process and determining the line segment representation,
we rst transform all the endpoint measurements by trans-
formation A, in order to make the line segments and van-
ishing directionswell separated on the unit sphere and con-
sequently similar to the calibrated setting:
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Given an image of size s = [nrows; ncols] the choice of
the transformation A is determined by the size of the im-
age and captures the assumption that the optical center is
in the center of the image and the aspect ratiok = 1 and
effectively serves as an approximation of the inverse of the
calibration matrix K . Thefocal length in the pixel units
isf = nrows, o, = 29" and o, = IS Given the
assumptions about optical center and aspect ratio, the cho-
sen focal length f isrelated to the actual focal length by
ascale factor. From now on we will drop the ® superscript
image coordinates and assume all the subsequent computa-
tions in this normalized space. Once the nal estimates
of vanishing points have been computed, the results are
transformed back in order to obtain the vanishing point es-
timatesin the actual image coordinates. For each vanishing
point v estimated in the normalized space we transform it
back in order to obtain the vanishing points in true image
coordinates; vik = A lwvy. These can be used further for
camera calibration and estimation of relative rotation.

3.3 Expectation Maximization (EM)

Given aset of line segmentswe would liketo nd the most
likely estimates of vanishing points as well as probabilities
of each line belonging to a particular vanishing direction.
Our ultimate goal is to estimate the coordinates of al van-
ishing points so as to maximize the likelihood of the van-
ishing point estimates given a set of line segments. Given
initial estimates of the vanishing points vy, the member-
ship probabilities of a line segment I; belonging to the k™"
vanishing direction are computed in the following way:

p(li j vip(Vi)
keq P J Vip(Vi)

pvijli) = P (6)

The posterior probability terms p(vk j 1i) represent so
called membership probabilities, denoted by wix and cap-
ture the probability of a line segment I; belonging to k"
vanishing direction. Currently we assume that the prior
probabilities of all vanishing directions are equally likely,
hencethe prior probabilitiesdo not affect the posterior con-
ditional probability. Incorporating the information about
prior probabilities of the vanishing directions can pro-
vide additional information and make the estimation pro-
cess better conditioned. The E-step of the EM algorithm
amounts to computation of these posterior probabilities,
which give us the best guess of the membership proba-
bilities given the currently available vanishing points esti-
mates. The M-step of the algorithm involves maximization
of the expected complete log likelihood with respect to the
unknown parameters vy [9], which yields a maximization
of the following objective function:

J(vy) = wik log p(l; j vk) @)
1
In the noise free case IiTvk = 0. In the case of noisy es-
timates we assume that the error represented by I] v is a

normally distributed random variable with N (0; 2). Then
thelikelihood termis given as:

T 2

(i jvio 7 exp Y ®
1
The above objective function (equation 7) in case of linear
models yields a solution to a weighted least squares prob-
lem (onefor each model), where each line has an associated
weight wix determined by posterior probabilities computed
in the E-step (equation 6). The above objective functionin
case of linear log-likelihood model yields a solution to a
weighted least squares problem; one for each model. In
such case the vanishing points are estimated by solving the

following linear |east-squares problem:

J(vk) = min
Vk i

wik(IiTvk)z = rr\1/in kWAVk)k2 (9)
K

WhereW 2 R" " isadiagonal matrix associated with the
weights and rows of A 2 R® " are the detected line seg-
ments. Closed form solution corresponds to the eigenvec-
tor associated with the smallest eigenvalue of ATWTW A
and yields the new estimate of vi. The EM agorithm is
an iterative technique guaranteed to increase the likelihood
of the available measurements. We terminate the iteration
procedure once the vani shing point estimates reach an equi-
librium, i.e. ViTv0 D < . Theiterations of the EM
algorithm are depicted for different examplesin Figure 2
(right). Theinitially large number of vanishing point esti-
matesis reduced through the merging processto three dom-
inant directions. Once the algorithm converges, we apply
the nonlinear re nement step, to achieve a more accurate
vanishing point estimate. The nonlinear re nement step
computesthe Maximum Likelihood Estimate (MLE) of the
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Figure 1: Theerrormeasurdor thenonlinearre nementstepis
d?+ d' 2.

vanishingpointgiventheline segmentspy minimizingthe

sumof squaredlistances; d° of the line end pointsfrom

thevanishingline (seeFigurel). Thenonlinearoptimiza-
tion hasbeensuggestegreviously by [6] andis especially
importantfor re ning the estimate®f the vanishingpoints
closetoin nity .

In orderto accounffor the line sggmentswhich do not be-
longto ary of thevanishingdirectionswe addanadditional
outlierprocessTheinitial probabilityof aline sggmentbe-
longingto themixtureis determinedy thehighestpossible
residualanglewhich a line segmentcanhave with respect
to oneof thedominantorientationse; = =4. Theproba-
bility of the outliersis thendeterminedby a Gaussiardis-
tribution with alarge variance approximatinghe uniform
distribution.

3.4 EM Initialization

While the EM algorithmis known in eachstepto increase
the likelihood of the measurementgiven the model, it is
often very sensitive to initialization and can corverge to
a local minimum. Henceit is very importantthat the al-
gorithmis correctlyinitialized. The initialization scheme
adoptedn ourapproachs basedntheobsenationthatthe
lines that belongto a particularvanishingdirectionshave
similar orientationin theimage.Thisis notthe casefor the
line sggmentswhosevanishingpoint is closeto the center
of theimageplane. In suchsituationthe lineswill beini-
tially assignedo a separatgroupsandmemgedlaterin the
EM stage.Givena setof detectedine sggmentswe form a
histogramh of their orientationsandsearchor the peaks
in thehistogram.Thepeaksaredetectedy rst computing
the curvatureC(k) of the histogram followed by a search
for zerocrossingswhich separat¢hedominantpeaks.The
cunatureis computedby subtractingthe local histogram

mean:
1 k+x"z‘—+1 .
Aky=hk) h (i) (10)

i=k o

The total numberof line orientationbins in our caseis
K = 60 andthe size of the integrationwindow m = 5.
Histogramh is smoothedprior to the curvaturecompu-
tation. The typical numberof detectedpeaksrangesbe-
tween2 6 anddeterminesheinitial numberof modelsin
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Figure 2: The vertical (horizontal)lines parallelto the image
planeyield the vanishingpoint closeto in nity and
henceoutsideof theselectediiew. Thelinesarecolor
codedaccordingo themaximummembershigproba-
bility andarenumberedrom topto bottom. The nal
estimatef vanishingpointsarereportedin Table1.
In casemorethenthreevanishingdirectionsare de-
tected(image2), thethreewith the largestnumberof
line sgmentsare retained. In somecasesonly two
vanishingdirectionsarepresen{image4).




