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Abstract

Competitive �tness is the assessmentof an in-
dividual's �tness in the context of competition
with other individuals in the evolutionary sys-
tem. This commonly takes one of two forms:
one-populationcompetitive �tness, wherecom-
petition is solely between individuals in the
samepopulation;andN-populationcompetitive
�tness, often termed competitive coevolution.
In this paper we discusscommon topologies
for one-populationcompetitive �tness functions,
thentesttheperformanceof two suchtopologies,
Single-EliminationTournamentand K-Random
Opponents,on four problem domains. We
show that neitherof theextremesof K-Random
Opponents(RoundRobin andRandom-Pairing)
gives the bestresultswhen using limited com-
putationalresources.We also show that while
Single-EliminationTournamentusually outper-
forms variations of K-Random Opponentsin
noise-freeproblems,it cansuffer from premature
convergencein noisydomains.

1 INTRODUCTION

Traditionalevolutionarycomputationassessesthe�tnessof
anindividual independentlyof otherindividualsin thesys-
tem. But therealso exist evolutionary procedureswhere
this is not the case: an individual's �tness is dependent
on cooperationor competitionwith peersin theevolution-
ary run,andthusmaychangedependingon themakeupof
thosepeers.

Suchprocedureshaveseveralattractivefeatures.First,they
permitevolution to searchfor solutionsto problemsin the
absenceof any obvious way to gaugean objective (peer-
independent)�tness. Consider: how doesonedetermine
the quality of a soccerplayerprograma priori? Second,

they can gradually ramp up problemdif�culty as evolu-
tion �nds bettersolutions.Thispromisesto smoothout the
searchgradient.Third, they seema naturalmatchfor �nd-
ing solutionsto problemsthat naturallyrequireteamwork
or thataremosteasilydiscoveredthroughcompetition.

We are temptedto bring all theseproceduresunder the
aegis of coevolution, but thereare nomenclaturedif�cul-
tieswith theuseof thisterm.In biology, coevolutionis best
reservedfor situationswherethereis morethanonepopu-
lation,andanindividual's �tness is assessedin thecontext
of individualsin otherpopulations.Suchmulti-population
coevolution is usuallyusedasa self-adaptive mechanism
to increaseproblemdif�culty asmembersof the popula-
tion becomemoreadaptat solvingthegivenproblem.The
classicexampleof multi-populationcompetitive coevolu-
tion is [Hillis 1991],whichcoevolvedapopulationof sort-
ing networksanda populationof problemsets.The�tness
of sortingnetworks wasbasedon the numberof problem
setsthey properlysolved,andthe�tnessof theproblemsets
wasbasedonthenumberof sortingnetworksthey stumped.
[RosinandBelew 1995] alsouseda two-populationcom-
petitive systemto evolve playersfor the gamesof Nim,
Tic-Tac-Toe, andGo with a 7x7 board. Multi-population
coevolution is alsousefulascooperativecoevolution. Here
individualsfrom differentpopulationseachlearnsubparts
of a commonsolution, and their �tness is basedon the
combinationof thosesubparts. Examplesof cooperative
coevolution include[ErikssonandOlsson1997;Potterand
De Jong2000;Wiegandetal. 2001].

One-population“coevolution” rarelyif ever takescoopera-
tive form. Instead,this techniqueis nearlyuniversallyused
to evolvegameplayersby competingamongstthemselves.
For lack of a standardizedterm for one-populationtech-
niques,we call theseone-populationcompetitive�tness
functions; for therestof thispaper, wheneverwesay“com-
petitive �tness functions” we imply the one-population
sort. [Luke 1998] usedsuchcompetitive �tness to evolve
soccer-playing softbot teams,and [Fogel 2001] usedthe
techniqueto evolve a highly human-competitive check-



ers program,Blondie24. One-populationcompetitive �t-
nesshasalso beenusedto �nd solutionsto the Iterated
Prisoner's Dilemma [Axelrod 1987], Tic-Tac-Toe [Ange-
line andPollack1993],Backgammon[Pollacket al. 1997;
PollackandBlair 1998], Othello [Smith andGray 1993],
pursuit-evasion[Clif f andMiller 1995],Go [Lubbertsand
Miikkulainen2001]andTag[Reynolds1994].

Oneimportantpartof a competitivesystem's successis its
topology: how the�tness-evaluationcontext is established
for a given individual. Do all individualsplay againstall
otherindividualsin thepopulation?Are they simplypaired
upfor asinglegameeach?Sometopologiesrequirea large
numberof gamesto evaluatean individual, but may be
moreaccuratethanthoserequiringfewergames.

This paper comparestwo topological families in one-
populationcompetitive-�tness games. We begin by dis-
cussingcommontopologiesin the literatureandtheir ad-
vantagesanddisadvantages.Thenwe introducefour prob-
lem domains,and show how various topologiesfare in
thesedomainsandunderdifferentamountsof noisein the
�tness-assessmentprocess.

2 COMPETITION TOPOLOGIES

Not all competitive �tness topologiesare appropriatefor
all problems;the primary issuebreaksdown along lines
of �tness-assessmentmethodology. Imagineif one were
trying to evolve chessplayers. How doesone establish
that player A is better than player B? The duel method-
ology statesthatA is betterthanB if andonly if A usually
beatsB in amatch.This is themethodologybehindsingle-
and double-eliminationtournaments. The rennaisance-
manmethodology saysthat A is betterthanB if A beats
morecompetitorsthanB doesonaverage(or scoresagainst
competitorsby a wider margin on average),even if A
wouldloseto B in amatch.Thisis themethodologybehind
chessrankings,for example. It is interestingto notethat
many sportsuseacombinationof thesetwo methodologies,
usuallyby usingaveragesuccessagainstopponentsduring
the seasonto determinethe entrantsto a single elimina-
tion tournament,whichthendeterminesthe�nal champion.
Whetherthereis someinnatesuperiorityto this combina-
tion is questionable:morelikely it is dueto theexcitement
of duels:afterall, “in theendtherecanbeonly one”.

Thereareother interestingissuesin designingtopologies
which we will not delve into save to mentionthemhere.
Oneissueis whetheror not individualsshouldplayagainst
themselvesaspartof their evaluation.Anotheris whether
or not to permit statisticaldependenciesin �tness assess-
ment:whenindividualA playsagainstindividualB, should
theoutcomeaffect individualA's �tness alone,or shouldit
alsoaffect individualB's �tness?

2.1 ROUND ROBIN

One simple topology is RoundRobin, where eachindi-
vidual playsevery other individual in the population. An
individual's �tness is the averageof its scoresagainstev-
eryotherindividual in thepopulation[Axelrod1987;Koza
1992]. The primary drawbackto this methodis the rela-
tively largenumberof gamesnecessaryto evaluatea pop-
ulation of sizeN. The numberof gamesis (N2 � aN)=b,
wherea = 0 if individuals may play againstthemselves,
elsea = 1, andb = 2 if a gamecontributesto the �tness
of both individuals, elseb = 1. At �rst glanceit would
appearthat Round Robin topologieswould promotethe
rennaisance-manmethodology. At thebeginningof anevo-
lutionary run, this is plausible.But asthe run progresses,
thetrajectoryof therun might shift to the“better” players,
so to speak,so thatnearthe endof the run it is searching
notfor individualswhowin themostpointsonaverage,but
oddly for individualswho win themostpointson average
againstothersuch individuals.

2.2 RANDOM-PAIRING

The other extremein the numberof gamesis to pair all
individualsup and play one gamefor eachpair. This is
theapproachusedin [Luke1998]for evolving soccerteam
strategies. The justi�cation for this low numberof games
wastheextremecomputationalcostof agame:to beevalu-
ated,thetwo teamswerepluggedin asimulator, andastan-
dardgamecouldlastfor upto 10minutes.Random-Pairing
requiresonly N=2 gamesfor a populationof sizeN. The
costsavings is dramatic: for a populationof 100 andten
minutespergame,Axelrod'sRoundRobinapproachwould
require833hourspergeneration,whereasRandom-Pairing
would requireabout8 hours. SmithandGray [1993] also
usedthis techniqueto evolve Othelloplayers.Thedanger
of Random-Pairing is that noisy evaluationmight make it
all but impossibleto determinethe real quality of an in-
dividual basedon a singletrial. Note too that like Round
Robin,Random-Pairinghasasimilar tenuousclaimto pro-
motingtherennaisance-manmethodology.

2.3 SINGLE-ELIMIN ATION TOURNAMENT

[Angeline and Pollack 1993] proposed using single-
eliminationtournaments(“SET”) ratherthanRoundRobin
or Random-Pairing. Here, individuals are pairedat ran-
dom,andplay onegameperpair. Thelosersof thegames
areeliminatedfrom thetournament;tiesarebrokenby ran-
domdecision.Thewinnersareagainpairedoff at random,
and play one gameper pair, with the losersagainelimi-
nated. This continuesuntil the tournamenthasonly one
“champion”left. The�tness of anindividual is thenumber
of gamesit played.Single-EliminationTournamentis sim-



plestto implementwhenthepopulationis a power of two.
AngelineandPollackreportedgoodinitial resultswhenus-
ing SETto evolveplayersfor thegameof Tic-Tac-Toe.

SEThasinterestingproperties.First, it wouldseemto pro-
mote the duel methodologyrather than the rennaisance-
man methodology. However, it only truly promotesthe
duelmethodologyunderthestrongtransitivityassumption:
that if playerA beatsplayerB, andplayerB beatsplayer
C, thenplayerA mustbeatplayerC. Without this assump-
tion, Single-EliminationTournament's real dynamicscan
be murky. The other interestingpropertyof SET is that
it seemsto allocategamesto thoseplayersthatmostneed
them.A populationof sizeN needsonly N � 1 games.But
“�tter” playerswill be evaluatedin more of thesegames
thanthe“less�t” players— theworstindividualsplayonly
one gameeach,while the championplays ln(N) games.
Since selectionwill tend to pick the �tter players,SET
would seemto proportionmoregames,hencemoreaccu-
racy, amongthoseplayersmorelikely to beselected.

2.4 K-RANDOM OPPONENTS

In K-RandomOpponents,eachindividual playsagainstK
individuals picked at randomfrom the population. If a
given gamebetweentwo individualsaffectsthe �tness of
justthe�rst individual,thenatotalof K(N� 1) gamesmust
beplayed.This is theapproachtakenin evolving tagplay-
ers [Reynolds 1994]. K-RandomOpponentscan also be
usedto affect the�tness of bothindividualsin a game.For
example,to evolve the Blondie24checkersplayer, Fogel
[2001] hadevery individual play asredagainst� ve oppo-
nentschosenat randomwith replacementfrom thepopula-
tion. An individual's �tness wasbasednot only on its � ve
gamesas red, but also as its additionalgamesasa black
opponent.

This approachdoes not distribute games very evenly
throughout the population, however. With some fore-
thought,it' spossibletoadaptK-RandomOpponentssothat
agivengameaffectsbothindividuals,with eachindividual
usingthesamenumberof gamesperevaluation.Thetech-
nique,which we will usein experimentsbelow, works as
follows. Eachindividual maintainsa count of the num-
berof gamesit hasplayed,andwho it hasplayedagainst.
WhenanindividualI is to beevaluated,anopponentis cho-
senatrandomfrom thepopulationto playagainstI with the
constraintthatno individual mayplay againstI morethan
once.At theendof thegame,thenumber-of-gamescoun-
ters for I andfor the opponentare incremented.If either
counterreachesK, thenthat individual is “removed” from
the populationin the sensethat it may no longerbe con-
sideredasa futureopponent.A new opponentfor I is cho-
sen,andthis processcontinuesuntil individual I hasbeen
removed. Thena new playerJ is picked, andevaluation

continuessimilarly. At somepoint, for someindividualK,
theremayexist no individualsin thepopulationwhich can
play K. Whenthis occurs,opponentsfor K arepicked at
random,withoutreplacement,from amongtheremovedin-
dividualsin thepopulation.This approachyieldsbetween
d(KN)=2eandd(KN)=2e+ bK2=2c games.

RoundRobin andRandom-Pairing may be viewed asex-
tremesof K for this secondkind of K-RandomOpponents.
When K = N � 1, K-RandomOpponentsis identical to
RoundRobin.WhenK = 1,K-RandomOpponentsis iden-
tical to Random-Pairing. Laterin thepaper, we will exam-
ine K-RandomOpponentsto determinewhat value of K
seemsto give thebestresults:asit will turn out, it is nei-
therof theseextremes.

2.5 HALL OF FAME

Onelast approachin the literatureis a family of “hall of
fame” techniques,whereindividualsin thepopulationare
evaluatedagainstthegoodindividualsdiscoveredsofar in
theevolutionaryrun. Karl Simsuseda simplehall of fame
whenevolving creatureswhich competedto snatcha cube
[Sims1994]. Individualswereevaluatedagainstthe�ttest
individualdiscoveredin thepreviousgeneration.

3 PROBLEM DOMAINS

The problem domainswe will test againstfall into two
categories. First, we usetwo true competitive �tness do-
mains, namely versionsof the Nim game. Second,we
have adaptedtwo standardevolutionary algorithm prob-
lemsandcasttheminto a competitive �tness form. They
are the well-studiedRosenbrockand Rastrigin problem
sets.Thesealgorithmsarecastinto competitiveform using
a techniqueproposedby Ken De Jong: eachindividual's
Rosenbrock(or Rastrigin)valueis assessed,andan indi-
vidual's scorein a gameagainstan opponentis basedon
differencein theirvalues.

3.1 THE INTERNAL ROSENBROCK DOMAIN

The Rosenbrockfunction is a well-known minimization
problemwidely usedto studypropertiesof differentevolu-
tionaryalgorithms[De Jong1975]. TheRosenbrockfunc-
tion for genomesof n variablesis:

Ros(x1; :::;xn) =
nX

i= 1

100(xi
2 � xi+ 1)

2
+ (1� xi

2)



Rosenbrockis converted to the “Internal Rosenbrock”
competitive �tness function as follows. When a player
A plays an opponent B, the score for A, known as
Reward(A : B), is givenby the following normalizingfor-
mula:

Reward(A : B) =
Ros(B) � Ros(A)

max(Ros) � min(Ros)

...wheremax(Ros) and min(Ros) are the maximum and
minimum values of the Rosenbrockfunction over the
entire domain, which we had precomputed. Thus
Reward(A : B) rangesfrom -1 to 1, where 0 represents
a draw. Note that this is a zero-sum,transitive game,
hence Reward(B : A) = � Reward(A : B). Keep in mind
that Rosenbrockis a minimizationfunction: thereforethe
smallerRos(A) is comparedto Ros(B), the higher the re-
wardfor A.

Parameters Internal Rosenbrockexperiments used a
genomeof 100realvalueseachbetween-5.12and5.12,a
populationsizeof 32,a0.5probabilityof mutation,1-point
crossover with a probability of 1.0, 5-individual elitism,
binary tournamentselection,and a maximal run limit of
50,000games.

3.2 THE INTERNAL RASTRIGIN DOMAIN

TheRastriginfunctionis anotherwell-known testin func-
tion optimization;it is considereddif�cult to minimizebe-
causeit hasasingleglobaloptimawith numerouslocalop-
tima in its vicinity [Cervone et al. 2000]. The Rastrigin
functionis de�ned as

Rastrigin(x1::::xn) =
nX

i= 1

xi
2 + a(1� cos(2pxi))

...wherea is a constant(set to 10.0 in our experiments).
Like Rosenbrock,Rastrigin is a minimization problem.
Rastriginis convertedto the “Internal Rastrigin” compet-
itive function in exactly thesameway asRosenbrockwas
converted(thoughmax(Ras) wasestimated).

Parameters Internal Rastrigin experiments used a
genomeof 100 real valueseachbetween-5.12 and5.12,
a populationsize of 32, a 0.5 probability of mutation,
1-point crossover with a probability of 1.0, 5-individual
elitism, binary tournamentselection,and a maximal run
limit of 100,000games.

3.3 THE NIM VERSION 1 DOMAIN

Thereare many variationson the gameof Nim, and we
have chosentwo differentversionsas competitive �tness
functiondomains.TheNim Version1 domainfollows the
Nim gameasdescribedin [RosinandBelew 1995,1996].
This versionuses4 heapscontaining3, 4, 5, and4 stones
respectively. Playerstaketurnsremovingstonesfrom these
heaps. A playermay remove asmany stonesashe likes
from any single heap. Whichever player takes the last
stonewins thegame.Giventheserules,thereexistsawell-
understoodoptimalplayerstrategy for the�rst player.

A genomic representationfor a player behavior in this
gameis a vectorof 599 bits, onefor eachpossiblesitua-
tion (4� 5� 6� 5� 1,becausetheh3;4;5;4i positiondoes
not ever needto be considered).A playermakesits deci-
sion asfollows: for eachpile p from 1 to 4, andfor each
numberx of stonesfor the given pile in decreasingorder
down to 1, the individual considerswhetheror not to re-
move x stonesfrom pile p. Removing thesestonesyields
a new gamestatewhichcorrespondsto oneof the599bits
in thegenomevector. If this bit valueis 1, thentheplayer
commitsto makingthatmove, andno otherconsideration
is made.If all suchvalid stateshave0 bit values,theplayer
makesthe�rst valid move it hadconsidered.

As theexistenceof aperfectstrategy dependsonwhogoes
�rst, a competitionbetweentwo individualsconsistsof 2
games,eachplayerstartingoneof them.Reward(A : B) is
thesumof scoresfor playerA in thesetwo games.For each
game,a0.5is rewardedfor a win anda -0.5for a loss.The
sumof therewardsfor thetwo gamesis therefore-1, 0, or
1.

ParametersExperimentsin this domainusedagenomeof
599 bits, a populationsizeof 128, a 0.003probability of
mutation,1-point crossover with a probability of 1.0, 10-
individual elitism, binary tournamentselection,anda run
limit of nomorethan100,000games.

3.4 THE NIM VERSION 2 DOMAIN

The secondversionof Nim usedin this papercontainsa
singleheap,but thenumberof stonesa playercanremove
is boundedby aminimumandamaximumvalue.For these
experiments,theheapstartsat 200stones,andeachplayer
is allowed to pick 1, 2 or 3 stonesat a time. In this con-
�guration, thesecondplayerhasanoptimalstrategy which
will forcea win.

Justasin Nim Version1, in this gamethe individualsare
representedasvectors,with asimilarmappingof bits to the
199 possiblestates(exceptingthe initial state). Decision-
makingis alsosimilar. Theplayer�rst considersremoving
3 stones(assumingthat3 stonesareleft in theheap).If 1
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Figure2: Rankingof SET andK-RandomOpponentsfor
InternalRosenbrockDomainwith 30%noise
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Figure3: Rankingof SET andK-RandomOpponentsfor
InternalRosenbrockDomainwith 40%noise

SET K=1 K=31
SET and K- Random Opponents

0.825

0.85

0.875

0.9

0.925

0.95

0.975

1

E
xt

er
na

lF
itn

es
s

SET K=1 K=31

Figure4: Rankingof SET andK-RandomOpponentsfor
InternalRastriginDomainwith 0%noise
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Figure5: Rankingof SET andK-RandomOpponentsfor
InternalRastriginDomainwith 30%noise
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Figure6: Rankingof SET andK-RandomOpponentsfor
InternalRastriginDomainwith 40%noise



is in thebit positioncorrespondingto theresultingstateaf-
ter removing those3 stones,thentheplayerwill make that
move. Otherwise,theplayerconsidersremoving 2 stones.
Barringthat, it will considerremoving 1 stone.If all three
resultantstateshave0 in their bit positions,thentheplayer
will remove the most stonespermissible. A competition
betweentwo individualsis doneidenticallyto theNim Ver-
sion1 problem.

ParametersExperimentsin this domainusedagenomeof
199booleanvalues,a populationsizeof 128,a 0.03prob-
ability of mutation,1-pointcrossoverwith a probabilityof
1.0,10-individualelitism,binarytournamentselection,and
a run limit of nomorethan100,000games.

4 EXPERIMENTS

Theexperimentspresentedhereprobethefollowing ques-
tion. You have 3 monthsuntil the deadlineto submit
an evolved gameplayer to a computergamingcompeti-
tion. Evaluationis expensive andyou'll only getoneshot.
With a �x ed maximum numberof gamesplayableuntil
competition-time,what topologiesare likely to get good
results?

We will compareSET and variousK-randomopponents
topologiesover the four problemdomains,usinga single-
population, generationalgenetic algorithm, with binary
tournamentselection,mutation,crossover, andelitism. Ex-
perimentalruns are doneby evaluatingindividualsup to
somemaximalnumberof games;themaximalnumberwas
previously speci�ed in the parametersfor eachdomain.
Keepin mind thatanevaluationis not thesamething asa
game. Sometopologiesrequireagreatmany gamesplayed
before an individual's �tness is determined. Thus each
graphcomparesdifferent topologies'performancesgiven
thesamenumberof resources.

Ultimately we are trying to determinewhat topology is
likely to give the “best results”. To comparetopologies,
we needa �nal external �tness usedfor comparingbest-
of-run resultsbetweentopologies,asopposedto the sub-
jective internal �tnessusedto selectindividualsduringthe
runsthemselves.For theInternalRosenbrockandInternal
Rastriginproblems,theexternal�tness of an individual is
clearlyobjective andclearlycomputable:it' s just theindi-
vidual'sperformanceontheRosenbrockor Rastriginfunc-
tions.

For theNim gameshowever, we arefacedwith theclassic
external-�tnessconundrum:theonly obvious external�t-
nessmeasuresavailablearesubjective, that is, they' re de-
terminedin thecontext of otherindividuals.In theabsence
of any clearobjectivemeasure,we mustresortto a subjec-
tive way to scorethe �nal performanceof the best-of-run
individuals for any given Nim topology. To do this, our
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Figure7: Rankingof SET andK-RandomOpponentsfor
theNim Version1 game
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Figure8: Rankingof SET andK-RandomOpponentsfor
theNim Version2 game

approachis to determinethe bettertopologiesby literally
playingtheir “best” individualsagainsteachother. For any
given applicationof a topology, we perform 50 indepen-
dentruns. For eachrun, we determinea “best of run” by
takingthebest-of-generationindividualsfrom eachgener-
ation,andplacingthemin asingleeliminationtournament.
Thusfor eachapplicationof a giventopology, we have 50
best-of-runindividuals.To compareseveral topologiesfor
a particularproblemdomain,we thentake the50 best-of-
run individualsof eachtopologyandplay all of themin a
RoundRobin tournament.The “quality” of a best-of-run
individual in the �nal tournamentis equal to its average
scoreagainstothersin the tournament. Thus the “qual-
ity” of a particulartopology is the meanof the qualities
of its best-of-runindividuals. This maynot necessarilybe
anidealcomparisonmetric(wedon't know if anidealeven
exists),but we feel it is a reasonableone.



4.1 RESULTS

We ranall experimentson theECJ7 evolutionarycompu-
tationsystem[Luke2001]. Figures1 through8 show box-
plots1 comparingSETwith K-RandomOpponents.Figures
1 through6 usevaluesof K rangingfrom 1 to 31;Figures7
and8 useK valuesof 1 to 25,30,35,40,45,50,60,70,80,
90,100,127.Theverticalaccessplotsexternal�tness val-
uesof thebest-of-runindividualsfor varioustopologies.In
theRosenbrockandRastrigindomains,theexternalscores
weretheactualRosenbrockor Rastriginfunctionvaluesfor
thebest-of-runindividuals. In the Nim domains,the �nal
RoundRobincompetitiontodetermineexternalscorescon-
sistedof every best-of-runindividual plotted in the com-
binedgraph.

Figures2 and 3 show the effects of addingnoise to the
Rosenbrockdomain,andFigures5 and6 show similar ef-
fects for the Rastrigindomain. Noisewasaddedby �ip-
ping a coin with the givennoiseprobability that theplay-
ers' scoreswereto beswapped.Noisewasnot usedin the
displayof external�tness results.

K-Random OpponentsResults We foundthattheover-
all layout of the graphsis very similar acrossall four do-
mains: as the valueof K increased,external �tness rose,
thendropped.Thedome-likeresultsfor K-RandomOppo-
nentssuggeststhatneitherRandom-Pairing(whereK = 1)
nor RoundRobin (whereK is large) is likely to yield a
good result. Indeed,we imaginethat RoundRobin will
often comein deadlast! In the InternalRosenbrockand
InternalRastrigindomainswith no noise,Random-Pairing
performedreasonablywell, but with morenoise,it did in-
creasinglypoorly.

Why is this happening?Our hypothesisis that in noisyor
intransitivedomains,only afew gamesperevaluationis not
suf�cient to cut throughthenoise,andevolution proceeds
slowly. Then as the numberof gamesper evaluationin-
crease,at somepoint it becomesoverkill: moregamesare
simplycuttingthetotal availableevolution time.

This result is similar to the one obtained for non-
coevolutionary EAs [Grefenstetteand Fitzpatrick 1985]
whendeterminingtheoptimalnumberof evaluationsof an
individual in a noisy environment,wherethe �tness was
calculatedas the averageof the resultsof several evalua-
tions. Grefenstetteand Fitzpatrick too reportedthat one
samplemight not provide enoughinformation,while too
many samplesmightnotleaveenoughgenerationsfor good
resultswhen the total numberof evaluationsis bounded.
They reportedthattensamplesperevaluationgavethebest

1In aboxplot,therectangularregioncoversall valuesbetween
the�rst andthird quartiles,thestemsmarkthefurthestindividual
within 1.5 of the quartile ranges,and the centerhorizontalline
indicatesthemedian.Dotsshow outliers,and� marksthemean.

0 10000 20000 30000 40000 50000
0.95

0.955

0.96

0.965

0.97

0.975

0.98

0.985

0.99

0.995

1

Number of competitions

Ex
te

rn
al

 F
itn

es
s

Evolution for Internal Rosenbrock Domain with 0% noise

Single-Elimination-Tournament
3-Random-Opponents           

Figure9: Best-so-far curvesfor InternalRosenbrockDo-
mainwith 0% noise

0 10000 20000 30000 40000 50000
0.95

0.955

0.96

0.965

0.97

0.975

0.98

0.985

0.99

0.995

1
Evolution for Internal Rosenbrock Domain with 30% noise

Number of competitions

Ex
te

rn
al

 F
itn

es
s

Single-Elimination-Tournament
5-Random-Opponents           

Figure10: Best-so-far curvesfor InternalRosenbrockDo-
mainwith 30%noise
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Figure11: Best-so-far curvesfor InternalRosenbrockDo-
mainwith 40%noise



resultsin an imageregistrationproblem. While we typi-
cally foundfewer sampleswerenecessaryin our coevolu-
tionaryapproach,tengavereasonableresultsin mostcases.

Single-Elimination Tournament Results The SET re-
sultsweresurprising.Whentheamountof noiseis small,
SET performsasgoodasor betterthanall othermethods
presented,eventhoughit hasrelatively few gamespereval-
uation. As noiseis increasedto 40% in the Rosenbrock
domain,though,SET'sperformancelosesits luster. Why?

Figures9, 10 and11 comparetheexternal�tness best-so-
far curvesof SETandthebestperformingK-RandomOp-
ponentstopology, with 0%, 30% and 40% noiserespec-
tively. These�gures suggestthat SET is converging too
rapidly: asthe�eld improves,thisbecomesahindrance.In
Figure11, ultimately7-RandomOpponentsis statistically
signi�cantly better(usinga t-testat 95%).

It seemsthat K-Random Opponentsmight be a better
choicethanSET, particularly if noiseis high. The trick,
though,is determiningwhatvalueof K to use. In theab-
senceof any prescience,SETmightbethebestoption.

5 CONCLUSIONS AND FUTURE WORK

Our experimentsshowed that the extremes of the K-
RandomOpponentsmethodusually lead to worse �nal
resultsthan intermediate(preferablysmall) valuesfor K.
Even if gamesare very expensive, the concernthat led
to Random-Pairing in [Luke 1998], we still think 5 to 10
gamesper evaluationis likely to yield a betterresult. A
full Round-Robintournamentappearsto be alwaysa bad
choice.OurdatasuggeststhattheSingle-EliminationTour-
namentmaybetooaggressive in noisycompetitions,lead-
ing to prematureconvergencerelative to 5- to 10-Random
Opponents.Otherwiseit seemsto bea goodchoice.

Thoughmany graphsare similar, nonethelessinteresting
featuresstandout. Onesurpriseis thevery strongperfor-
manceof Single-EliminationTournamentin theNim Ver-
sion1 game.Thissuggestsdynamicsspecialto thisdomain
which, on closer investigation,may shedlight on SET's
performancein general.DoesNim Version1 promotethe
duelmethodologyin awaynot foundin Nim Version2, for
example?Exceptfor noise,theInternalRastriginandInter-
nalRosenbrockdomainsarefully transitive: might thisex-
plain thedeteriorationof SETundernoise?In futurework
we hopeto examinethe dynamicsof suchtopologiesin
theseandotherdomainsmoreclosely.
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