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All-Pairs Shortest Pathg.

e Given a graplG = (V, E) having vertices; € V and costsy; ; > 0
for edge(v;, v;) € E, determine the cost of the shortest paths
between all pairs of verticag, v; € V such that; # v;.

e Output the results in a matri = d; ; such thati; ; is the
cost of the shortest path from to v;.
e Three proposed parallel solutions can be based on:
— Matrix-Multiplication (dynamic programming)

— Floyd-Warshall's algorithm (dynamic programming)

— Dijkstra’s Single-Source algorithm
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Matrix Multiplication Algorithm I

Assume thatz = (V, E') has no negative weight edges

Define 2" to be the shortest path from to v; usingat most
edges, and Ieiz(.’kj) denote the cost of this path

Thus, we setl.!) = w; ; from adjacency matrixt

We can recursively find eaaiﬁf“j) by using

k ) k—1 k-1
dij) :mln{dij ),1£n1n {d( )+wm7j}}

or, simply,

(k) —-1)
dij = 12%21 {d + Wm,j)}

The final solution to the problem is then given by djg_l)
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Solution Strategy'

e Letall thedg“j_l) for a fixedk be stored as a matri(*—1)

e Then theproductD*—1) . A, whereA is the graph’s adjacency
matrix yields the desireﬂ)gfj)

(k) _ —1)
di; = 1glér<1n{d + Wi, ;) } (Shortest Path)
Cij = Zai,k bi,j (Matrix Multiply)

Hence, we replacg’ by min, and- by + in the matrix multiply.

(©?2004 P.Y. Wang GEORGEMASON UNIVERSITY



Some Parallel Shortest Path Algorithms 5

e SinceDM) = A, D® = DM . A and so onD*) = A* so we
really just need to computé” = A- A4 A.

e That can be done recursivelyl?, A%, A% A6 etc... so only
[lg(n — 1)] modified multiplications are needed.

e The serial time complexity i©(n3) x O(Ign).

e The calculation of the matrix products can be performed nalpel
using Cannon or Fox’s algorithm with checkboard partitiani
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The Floyd-Warshall Algorithm I

e This dynamic programming approach keeps tracinte mediate
vertices through which a path can travel

e Let dz(.? denote the minimum weight path from to v; using

intermediate nodegvy, vo, ..., v }.
e Then
o) w(i, ) k=0
" min{d{"" Y, a7 +diVY k>
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An Example'
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The matrix D(®) contains the minimum cost of paths that travel through
no intermediate nodes:
0 3 8 oo —4 0 3 8 oo —4
00 0 00 1 7 00 0 00 1 7
DO = oo 4 0 SIS D@ = o 4 0 0o oo
2 co —5 0 o] 2 oo —5 0 e8]
oo oo 0o 6 0 oo o0 0 6 0
n : (0)  4(0) (0)
di"j = 1rnln{di7j,d,iﬁ1 ‘|‘d11j}
0 3 8 oo —4 Rowl: di') = min{d{"}, d{’) +d{")}
© 0 oo 1 7 Row2: dy) = min{dy}, dy} +d{")}
pW = co 4 0 oo oo Row3 : d;fj) = min{d:(,’?j).7 dé?i + di?;}
2 5 -5 0 -2 Rowd: d{") = min{d),d’) +d{")}
c© oo oo 6 0 Rowb : défj) = min{dé(?j)., dé(,)i + dﬁ);}
The matrix D™) contains the minimum cost of paths that can travel
through node 1 as an intermediate node.
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0 3 8 oo -4 0 3 8 oo —4

o 0 o'} 1 7 o 0 o0 1 7
DM — 0o 4 0 0o 0o DM = 0o 4 0 0o 00

2 5 -5 0 =2 2 5 =5 0 -2

© oo 0o 6 0 o oo 0 6 0

(2) . (1) 4(1) (1)
di; = mln{dm ydis + dg,j}

0 3 8 4 —4 Rowl : d§23) = min{dgl,j-’ dgl% + déla)}

o 0 . 1 7 Row2: d) = min{d{),d{!}+d{")}
D@ — Row3 : déQ; = min{dé%}, di(’,lg + déla)}

Row4 : df; = min{difj)'v dfj% + déla)}

o oo oo 6 0 Rowb : dé?; = min{dé%j)., dg% + défj)}
The matrix D(?) contains the minimum cost of paths that can travel
through nodes 1 and 2 as inter mediate nodes.
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Time Complexity'

o If D) denotes the matrix otz(.? values, then we need to compute
these matrices

D(U)7 D(l)7 D(z),D(S), e D™

e This requires storage for each successive pair of matrio€s: 1)
andD®).

e The serial computation would tak(n?3) time.
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Simple Parallel Formulations'

Using a checkboard approach (with afyg per processor) oy/p x /p
processors:

e Note that computingg? requires all the values oﬂﬁ’k__l) andd(_k,;l)

e During thek!" iteration, we could have all/p processors send their
data to the /p — 1 processors in the same row

e Then repeat for columns, thus requiring One—to—All Broatkctwice
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Using a checkboard approach (w%hof thed, ; per processor):

e Broadcasts (with the mesh mapped ontaypercube) and%
message size:
(75 1gp)
e Each processor compute$/p elements of théd*) matrix:

e Repeating: times:

Total time =6(") + 6(2= Igp)

e The time can be improved to )
Time =0(">-) + O(n)
if a pipelined block partitioned approach is used (whichas n
required for this project.)
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Single-Source Shortest Paths: Dijkstra’s AIgorithmI

Given a weighted directed graph andtart nodes:

e Let the cost of a path between two nodes be the sum of the veadfh
the edges in the path.

e How can we find the minimum cost (shortest) path from4he all
the other nodes in the graph?
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Important Property I

The minimum cost path between two nodes contains other
minimum cost paths within it.

Using this property and the same greedy approach used irsPrim
algorithm for minimum spanning trees, we can formulate go@hm for
thesingle-source minimum cost path problem.
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Let w; ; denote thecostor weight of the edgé¢i, j) and letS denote the set of
nodes we have already processed.

Defined]i] to denote the cost of the cheapest path from noeany node using
the verticesin S.

Algorithm Dijkstra (G, w, s)
Initialize S — {s} andd[s] < 0
for vinV — {s} dod[v] < ws,y
while S # V do
Choose vertex; such that/[u] = mind[w] forall winV — S
Add u to the setS
foreverywinV — S do
dlw] < min(d[w], d[u] + Wy, w)
endfor
endwhile

= O(n?) time complexity if an adjacency matrix is used
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Using Dijkstra’s Algorithm I

e We can utilize Dijkstra’s Single-Source Shortest Path @digo to
find all pairs of shortest paths

e There are two ways to adapt the method:

— Source partition

— Source parallel
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Source Partitioned Adaptation'

e Usen processorsk;, for |V| =n

e EachP,; runs the Single-Source Shortest Path algorithm to find the
solution for its assigned vertex

e There is no communication needed between nodes
e Time complexityO(n?) in parallel

e What if p < n?? Each processor executes the algorithm for a set o
starting vertices.

e If p > n a source-parallel adaptation could be used (which is nat pjir
of this programming assignment).
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