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Abstract
Modern computer systems are based on a wide variety of software servers, such as web
servers, application servers, database servers, and mail servers. The typical software
architecture of such servers includes a set of processes or threads that serve requests
submitted to the server. Requests that arrive at the server and find all threads busy,
are placed in a queue. Threads that are busy executing requests compete for hardware
resources (e.g., processors and I/O devices) at the machine where the software server
runs. It is important to be able to model software servers in a way that takes into ac-
count both software contention—waiting for threads—and hardware contention—waiting
for processors and I/O devices. This paper presents analytical models for a wide range of
multithreaded software server architectures: a) single class (i.e., all requests have similar
demands) with unlimited thread queue size, b) single class with limited thread queue size,
c) multiclass with unlimited thread queue size, and d) multiclass with limited queue size.
Numerical results are presented to illustrate the use of the models.

1 Introduction

Modern computer systems are based on a wide variety
of software servers that serve requests from client processes.
Some examples of software servers include web servers, ap-
plication servers, database servers, and mail servers. The
typical software architecture of such servers includes a set
of processes or threads that serve requests submitted to
the server. Requests that arrive at the server and find all
threads busy, are placed in a queue. Threads that are busy
executing requests compete for hardware resources (e.g.,
processors and I/O devices) at the machine where the soft-
ware server runs.

Therefore, it is important to be able to model soft-
ware servers in a way that takes into account both software
contention—waiting for threads—and hardware contention—
waiting for processors and I/O devices. This paper presents
analytical models for a wide range of multithreaded soft-
ware server architectures: a) single class (i.e., all requests
have similar demands) with unlimited thread queue size,
b) single class with limited thread queue size, c) multiclass
with unlimited thread queue size, and d) multiclass with
limited queue size.

∗This work was supported in part by the National Geospatial-
Intelligence Agency (NGA) contract NMA501-03-1-2033.

The models presented here build on well-known model-
ing techniques: birth-death Markov chains [1], Mean Value
Analysis (MVA) [4] for single class queuing network models,
and approximate MVA (aMVA) [5] for multiple class queue-
ing network models. We also use the well-known principles
of hierarchical modeling and iterative models.

The rest of this paper is organized as follows. Section
two presents some background and notation. Section three
presents a model for a single class software server with an
unlimited thread queue size. The next section modifies the
model to account for thread queues of limited size. Section
five deals with the issue of multiple classes of requests for
both unlimited and limited queue size. Finally section six
presents some concluding remarks.

2 Basic Concepts and Notation

The models used in this paper draw on the notion of
closed queuing network (QN) models used to represent
computer systems. Such models comprise a collection of
K devices visited by requests that may belong to different
classes, or workloads. A class of requests is typically asso-
ciated to a collection of requests that have similar demands
on the various resources. The service demand, Di,r, of re-
quests of class r at device i is the total service time spent
by a request of class r over all visits to device i during the
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execution of the request. The solution to such QNs can be
obtained through Mean Value Analysis [4] or approximate
MVA (aMVA) for the case of multiple classes [5]. For more
details on queuing networks, the reader is referred to [3].
The notation given in Table 1 is used throughout the paper.

3 Single-class Multithreaded Server with

Unlimited Queue
Figure 1 displays a situation in which requests for ser-

vice arrive to a multithreaded software server that has M
threads. The underlying hardware platform used by all
threads has processing and I/O resources. Arriving requests
join a queue of requests waiting for an available thread.
Once a thread begin to execute, it starts to compete with
other threads for processing and I/O resources. The bot-
tom part of the figure shows queues for the CPU and for
I/O. It is also assumed in this section that all requests are
homogeneous in terms of their service demands. This as-
sumption will be relaxed later in the paper. Thus, we are
dealing with a single-class modeling situation.
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Figure 1: Multithreaded server with unlimited queue.

In order to model this type of software server, we use
the well-known principle of hierarchical modeling. At the
software level, we use a Markov chain to model the arrival

and completion process of requests. The rate at which
requests complete is determined by the solution of a lower
level model, in the form of a queuing network (QN).

Let X(k), k = 1, ..., M , be the rate at which a thread
completes its execution when there are k requests in exe-
cution. This rate can be obtained by solving the closed QN
model for the hardware subsystem composed of the CPU
and disk when there are k concurrent threads in execu-
tion. The solution of this queuing network can be obtained
through Mean Value Analysis (MVA) [3, 4].

A state k in the Markov chain of Fig. 2 represents the
number of requests in the system (waiting for a thread or
being executed by a thread). This Markov chain has an in-
finite number of states since there is no limit on the number
of requests in the queue. The arrival rate in the Markov
chain (transition rate to a higher numbered neighboring
state) is the arrival rate of requests, λ, and the completion
rate (transition rate to a lower numbered neighboring state)
is the completion rate of threads. Note that since there can
be at most M threads in execution, the departure rate is
constant and equal to X(M) for any state k > M .

The solution of this Markov chain, i.e., the set of proba-
bilities Pk, k = 0, · · ·, can be obtained using the Generalized
Birth-Death theorem [1, 3]:

Pk = P0

k−1∏
i=0

λi

μi+1
. (1)

For the model considered in this subsection, λi = λ ∀ i and
μi = X(i) for i = 0, · · · , M and μi = X(M) for i > M .

0 1 M M+1 k 

X 0  (1) X 0  (2) X 0  (k) X 0  (M) X 0  (M) 

. . . . . . 

X 0  (M) 

. . . 

X 0  (k+1) 

Figure 2: Markov Chain for the unlimited thread queue
case.

The solution to the Markov chain of Fig. 2 is given by

Pk =

{
P0λ

k/β(k) for k = 1, · · · , M
P0ρ

kX(M)M/β(M) for k > M
(2)

where:

• β(k) = X(1) × X(2) × ... × X(k),

• ρ = λ/X(M), and

• P0 = [1 +
∑M

k=1
λk

β(k) + X(M)M

β(M) × ρM+1

1−ρ ]−1

Note that the solution given above only exists when ρ < 1.
The average response time, R0, can be easily computed
from the state probabilities and from Little’s Law [1] as
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K Number of devices (e.g., processors, disks) in the computer system
R Number of classes (workloads).
M total number of threads in the system
N system size (maximum queue length plus number of threads in system).
Di,r service demand of class r requests at device i.
Ui,r utilization of device i by class r requests.

Ui utilization of device i (Ui =
∑R

r=1 Ui,r).
n̄i,r average number of class r requests queued at device i or using the device.

n̄exec
r average number of class r requests in execution (n̄exec

r =
∑K

i=1 n̄i,r).
n̄syst

r average number of class r requests in the system (waiting for a thread or using a thread)

Table 1: Notation.

R0 = n̄syst/λ, where n̄syst, the average number of requests
in the system (waiting for a thread or using a thread), is
given by

n̄syst = P0

[
M∑

k=1

k
λk

β(k)
+

ρ (X(M).ρ)M (1 + M(1 − ρ))

β(M) (1 − ρ)2

]
.

(3)
The average number of requests in execution, n̄exec, is

given by

n̄exec =

M−1∑
k=1

k × Pk + M × [1 −

M−1∑
k=0

Pk]. (4)

Figure 3 shows the variation of the average response
time R0 as a function of the average arrival rate λ. The
parameters used for this example are:

• Number of threads (M): 20

• Service demand at the CPU (DCPU): 0.020 sec

• Service demand at the disk (DI/O): 0.015 sec

For the parameters given above, X(20) = 49.96 re-
quests/sec, close to the maximum bound on throughput
which is 1/DCPU = 1/0.02 = 50 requests/sec. Since
ρ = λ/X(20) < 1, λ < 49.96. As the figure shows, as λ
approaches its maximum possible value, the response time
goes to infinity very fast. The response time stays below
0.5 sec for λ < 49 requests/sec.

4 Single-class Multithreaded Server with

Limited Queue
Figure 4 displays a multithreaded server with a lim-

ited queue for storing incoming requests. The number of
threads is M as in the unlimited queue size case but there
is a limit N on the total number of requests in the system
(waiting for a thread or being executed by a thread).

The solution for this case can be obtained following the
same approach as in section 3. The Markov chain model
in this case, shown in Fig. 5, has N + 1 states. A state
k, (k = 0, ..., N), represents the number of requests in the
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Figure 3: Average response time (sec) vs. arrival rate
(req/sec) for the unlimited queue case with 20 threads.

system (waiting for a thread or using a thread). The arrival
rate in the diagram is the arrival rate of requests, λ, and
the completion rate is the completion rate of threads. Note
that since there can be at most M threads in execution,
the departure rate is constant and equal to X(M) for any
state k > M as in the previous case.

The solution of this Markov Chain, i.e., the values of the
probabilities Pk, for k = (0, ..., N), of finding k requests in
the system, can be obtained using the methods in [1, 3].
The solution is given below.

Pk =

{
P0λ

k/β(k) for k = 1, · · · , M
P0ρ

kX(M)M/β(M) for k = M + 1, · · · , N
(5)

where:

• β(k) = X(1) × X(2) × ... × X(k),

• ρ = λ/X(M), and

• P0 = [1 +
∑M

k=1
λk

β(k) + ρ×λM×(1−ρN−M)
β(M)×(1−ρ) ]−1
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Figure 4: Multithreaded server with limited thread
queue.

The metrics of interest, namely the probability of rejection
Prej, the average throughput X and the average response
time R, can be easily computed from the state probabilities
and from Little’s Law [1] as follows.

• Prej = Pn

• X = λ × (1 − Prej) =
∑N

k=1 X(k) × Pk

• R0 =
∑N

k=1 k × Pk/X

Figure 6 shows the variation of the average response
time as a function of the average arrival rate for the limited
queue case. The parameters for this example are the same

0 1 M N N-1 k 

X 0  (1) X 0  (2) X 0  (k) X 0  (M) X 0  (M) X 0  (M) 

. . . . . . . . . 

Figure 5: Markov Chain for the limited thread queue
case.

used in the unlimited queue case. There is one additional
parameter in this case, which is the system size N . The
figure shows two curves, one for N = 25 and another for
N = 35.
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Figure 6: Average response time (sec) vs. arrival rate
(req/sec) for the limited queue case with 20 threads and
two values of the maximum number of requests in the
system (N = 25 and N = 35).

It is interesting to observe the shape of this curve. At
low loads, the probability that requests are lost, Prej, is
very low. For example, for N = 25 and λ = 45 re-
quests/sec, Prej = 1%. However, as the load increases,
more requests are rejected and the effective arrival rate to
the system (equal to the system throughput) increases at
a slower rate with λ. For example, for N = 25 and λ = 70
requests/sec, Prej = 28.7%. Thus, only 49.9 requests/sec
are actually being accepted by the system for execution.
This explains why the response time does not grow to in-
finity. In fact, for a very large value of λ, accepted requests
will find (N −M)−1 requests in the queue for threads and
all threads will be busy serving requests. So, the average
response time will become constant and equal to the sum
of a constant average waiting time and a constant average
execution time since all M threads are busy and competing
for the hardware resources.

5 Multi-class Multithreaded Server
We now relax the assumption that all requests have

the same service demands. Consider R different classes of
requests. Class r (r = 1, · · · , R) has an arrival rate equal to
λr requests/sec. There are K devices (e.g., processors and
I/O devices) and the service demand of a request of class
r at resource i is given by Di,r. If we were to use the same
two-level modeling approach described in Sections 3 and 4
we would have a multidimensional Markov chain in which
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the state would have to indicate the number of requests of
each class in execution as well as the number of requests
of each class in the queue. This Markov chain would have
a very complex and large state space.

Instead of considering such a large state space, we use
an approximation that was used by Lazowska et al. [2] to
model shared domains in multiprogramming systems. The
basic approach works basically as follows:

1. Initialization: Estimate the average number of re-
quests in execution, n̄exec

r , for class r and the aver-
age number of class r requests in the system (exe-
cuting or waiting for a thread), n̄syst

r , for all classes
r = 1, · · · , R.

2. For each class r compute the average number, δexec
r , of

requests of all other classes r
′

�= r that are in execution
and the average number, δsyst

r , of requests of all other
classes r

′

�= r that are in the system (in execution or
waiting for a thread).

3. Solve a multiclass QN model using approximate Mean
Value Analysis (aMVA) [3] where the population vec-
tor is (n̄exec

1 , n̄exec
2 , · · · , nr, · · · , n̄

exec
R ) for nr = 1 to

M − δexec
r . In other words, since there are δexec

r re-
quests in execution from classes other than class r,
the number of threads allocated to class r is the dif-
ference between the number of threads M and the
number of threads allocated to the other classes. The
solution of this QN model gives the class r through-
put Xr(n̄

exec
1 , n̄exec

2 , · · · , nr, · · · , n̄
exec
R ) for nr = 1 to

M − δexec
r .

4. A unidimensional Markov chain such as the ones dis-
cussed in sections 3 or 4 can now be built for each
class r using λr as the arrival rate and the throughputs
Xr(n̄

exec
1 , n̄exec

2 , · · · , nr, · · · , n̄
exec
R ) as the completion

rate. The solution of this Markov chain provides new
values of the average number of requests in execution
n̄exec

r .

5. Repeat steps 2 through 4 until successive values of
n̄exec

r are sufficiently close for all classes r.

6. Compute the performance metrics.

We now provide a detailed description of the algorithm
to model multiclass multithreaded servers. The pseudo-
code for the initialization phase (step 1 above) is given in
Fig. 7. The purpose of this phase is to obtain an estimate
for n̄exec

r and n̄syst
r for all classes. This is done by first

computing the utilization of all devices using the Service
Demand Law [3]. If all utilizations are below 100%, the
formula for multiclass open QNs is used to estimate n̄exec

r .
Otherwise, we estimate n̄exec

r using an apportionment fac-
tor based on the relative arrival rate of class r requests. In

both cases, we assume that the queue for threads is ini-
tially empty, i.e., n̄syst

r = n̄exec
r . Note that the initial values

of n̄exec
r and n̄syst will be modified through the iteration

process in the remaining steps of the algorithm.
Figs. 8 and 9 provide a detailed description of the iter-

ation phase of the algorithm for the unlimited and limited
thread queue cases, respectively. Note that the computa-
tion of the probability distributions for Pk follows in each
case the formulas used in Sections 3 and 4

for every device i do

Ui(�λ) ←
∑R

r=1 Ui,r(�λ) =
∑R

r=1 λr ∗ Di,r;

if (Ui(�λ) < 1.0) for all i
then for every class r do

begin
/* use open QN formula to estimate n̄exec

r */
for every device i do n̄i,r ← Ui,r/(1 − Ui);

n̄exec
r ←

∑K
i=1 n̄i,r;

/* adjust n̄r so that it does not exceed
Mr, the number of class r threads
estimated to be in execution */

n̄exec
r ← min{n̄exec

r , Mr}

where Mr = M × n̄exec
r /

∑R
s=1 n̄exec

s ;
/* assume no queuing for threads at

initialization */
n̄syst

r ← n̄exec
r

end
else begin

/* alternative initialization: use arrival rate
ratios to estimate n̄r */

for every class r do
begin

n̄exec
r ← M × λr/

∑s=R
s=1 λs ;

/* assume no queuing for threads at
initialization */

n̄syst
r ← n̄exec

r

end
end

Figure 7: Initialization Phase of the Performance Model
for a Multiclass Multithreaded Server.

Table 2 shows the results after three iterations for a
two-class multithreaded case with unlimited queue. The
following parameters were used: M = 10 threads, λ1 = 25
requests/sec, λ2 = 20 requests/sec, DCPU,1 = 0.014 sec,
DI/O,1 = 0.020 sec, DCPU,2 = 0.018 sec, and DI/O,2 =
0.012 sec. Iteration 0 shows the results of the initialization
step. Columns 7 and 13 show the absolute percent relative
error between two consecutive values of n̄exec

r . Note that
in iteration 3, this error is already at 0.3%. More itera-
tions would yield even smaller errors. The response time
for classes 1 and 2 at iteration 3 is 0.1301 seconds and
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Iteration step:

for every class r = 1, 2, ..., R do
begin

δexec
r =

∑
r′ �=r n̄exec

r′

/* adjuste the value of M */
M∗ = M − δexec

r

for nr = 1, 2, · · · , �M∗� do
Call aMVA to compute Xr(n̄

exec
1 , n̄exec

2 , · · · , nr, · · · , n̄
exec
R )

if M∗ is not an integer then
Call aMVA to compute Xr(n̄

exec
1 , n̄exec

2 , · · · , M∗, · · · , n̄exec
R )

define a single class generalized birth-death model with λ = λr and death rates:
μr(k) = Xr(n̄

exec
1 , n̄exec

2 , · · · , k, · · · , n̄exec
R ), for 1 ≤ k ≤ �M∗�, and

μr(k) = Xr(n̄
exec
1 , n̄exec

2 , · · · , M∗, · · · , n̄exec
R ) for k > �M∗�.

compute the probability distribution, Pk, according to Section 3

Pk = P0 ×
λk

r

β(k) , for 1 ≤ k ≤ �M∗�, and

Pk = P0 ××ρk × μr(M
∗)�M

∗�/β(�M∗�) , for k > �M∗�
where ρ = λr/μr(M

∗), β(k) = μr(1) × · · · × μr(k), and

P0 =
[
1 +

∑�M∗�
k=1 λk

r/β(k) + μr(�M∗�)�M
∗�×ρ�M

∗�+1

β(�M∗�)×(1−ρ)

]−1

compute the performance metrics as:
average number of requests in the system:

n̄syst
r = P0

[∑�M∗�
k=1 k λk

r/β(k) + ρ [μr(�M∗�).ρ]�M
∗� (1+(M∗) (1−ρ))

β(�M∗�) (1−ρ)2

]
.

average throughput:
X̄r = λr

average response time:
R0,r = n̄syst

r /λr

average number of requests in execution:

n̄exec
r =

∑�M∗�−1
k=1 k × Pk + M∗ × [1 −

∑�M∗�−1
k=0 Pk]

end
Convergence test step: Repeat the iteration step until successive values of n̄exec

r are sufficiently close for all classes
Compute final metrics Return the performance metrics as computed in the last iteration

Figure 8: Iterative Phase of the Performance Model for a Multiclass Multithreaded Server with Unlimited Queue.

0.1110 seconds, respectively.

6 Concluding Remarks

This paper showed how well-known analytic performance
models can be used to assess the performance of multi-
threaded software servers. The models use a combination
of birth-death Markov chains, Mean Value Analysis, and
hierarchical modeling. The software server architectures
considered in this paper cover a wide range of situations
found in modern server-oriented systems. The modeling
approach presented here takes into account both software
and hardware contention in single and multiclass situations.
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Iteration n̄exec
1 n̄syst

1 δexec
1 M∗

1 R0,1 % relative n̄exec
2 n̄syst

2 δexec
2 M∗

2 R0,2 % relative
error 1 error 2

0 3.130 3.130 2.164 7.836 - - 2.164 2.164 2.978 7.022 - -
1 2.978 3.256 2.148 7.852 0.1302 5.1 2.148 2.132 3.077 6.923 0.1066 0.8
2 3.077 3.245 2.160 7.840 0.1298 3.2 2.160 2.216 3.085 6.915 0.1108 0.6
3 3.085 3.253 2.163 7.837 0.1301 0.3 2.163 2.219 3.085 6.915 0.1110 0.2

Table 2: Results for multiclass unlimited thread queue case.

Iteration step:

for every class r = 1, 2, ..., R do
begin

δexec
r =

∑
r′ �=r n̄exec

r′

δsyst
r =

∑
r′ �=r n̄syst

r′

/* Adjust the values of M and N */
M∗ = M − δexec

r

N∗ = N − δsyst
r

for nr = 1, 2, · · · , �M∗� do
Call aMVA to compute Xr(n̄

exec
1 , n̄exec

2 , · · · , nr, · · · , n̄
exec
R )

if M∗ is not an integer then
Call aMVA to compute Xr(n̄

exec
1 , n̄exec

2 , · · · , M∗, · · · , n̄exec
R )

define a single class generalized birth-death model with λ = λr and death rates:
μr(k) = Xr(n̄

exec
1 , n̄exec

2 , · · · , k, · · · n̄exec
R ), for 1 ≤ k ≤ �M∗�, and

μr(k) = Xr(n̄
exec
1 , n̄exec

2 , · · · , M∗, · · · n̄exec
R ) for �M∗� < k ≤ �N∗�.

compute the probability distribution, Pk, according to Section 4, as
Pk = P0 × λk

r/β(k) , for 1 ≤ k ≤ �M∗�, and

Pk = P0 × ρk × μr(M
∗)�M

∗�/β(�M∗�) , for �M∗� < k ≤ �N∗�
where ρ = λr/μr(M

∗), β(k) = μr(1) × · · · × μr(k), and

P0 =
[
1 +

∑�M∗�
k=1 λk

r/β(k) +
ρ×λ�M

∗�
r

×(1−ρ�N
∗�−�M

∗�)
β(�M∗�)×(1−ρ)

]−1

Compute the performance metrics as:
average number of requests in the system:

n̄syst
r =

∑�N∗�
k=1 k × Pk

average throughput:

X̄r =
∑�N∗�

k=1 Pk × μr(k)
probability of rejection:

Pr,rej = P�N∗�

average response time:
R0,r = n̄syst

r /X̄r

average number of requests in execution:

n̄exec
r =

∑�M∗�−1
k=1 k × Pk + M∗ × [1 −

∑�M∗�−1
k=0 Pk]

end
Convergence test step: Repeat the iteration step until successive values of n̄exec

r are sufficiently close for all classes
Compute final metrics: Return the performance metrics as computed in the last iteration

Figure 9: Iterative Phase of the Performance Model for a Multiclass Multithreaded Server with Limited Queue.
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