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Abstract
Generalized Stochastic Petri Nets (GSPNs) are powerful mechanisms to model systems
that exhibit instances of parallelism, synchronization, blocking, and simultaneous resource
possession. For large systems, however, the solution of GSPNs is computationally very
expensive due to the combinatorial growth of the state space. Queuing networks (QNs)
provide very efficient solutions for the cases were parallelism, synchronization, blocking,
and simultaneous resource possession are not present. This paper presents a methodology
by which large GSPNs can be efficiently solved by automatically detecting subnetworks
that are equivalent to product-form queuing networks (PFQNs). These subnetworks are
replaced in the original GSPN by Flow-Equivalent Service Centers (FESCs). Each FESC
is composed of a place/transition pair with marking dependent transition rates. These
rates are obtained by solving the QN that corresponds to the subnetwork. The reduced
GSPN obtained this way has fewer states than the original GSPN. Performance metrics
derived from the reduced GSPN match those obtained from the original network with
significant accuracy. This paper presents an algorithm to detect the subnetworks that are
equivalent to a PFQN and an algorithm to obtain the service demands of the equivalent
PFQN. The computational complexity of the algorithms is a function of the structural
properties (number of places, transitions, and arcs) of the GSPN and not of the size of
its reachability set. A theorem and two lemmas that serve as a basis for the algorithms
are also presented.

1 Introduction

Generalized Stochastic Petri Nets (GSPNs) [8] are pow-
erful mechanisms to model systems that exhibit instances
of parallelism, synchronization, blocking, and simultaneous
resource possession. For large systems, however, the so-
lution of GSPNs is computationally very expensive due to
the combinatorial growth of the state space. Product Form
Queuing Networks (PFQNs), on the other hand, provide
very efficient solutions for cases in which parallelism, syn-
chronization, blocking, and simultaneous resource posses-
sion are not present. Vernon, Zahorjan, and Lazowska [14]
compared QNs and GSPNs and concluded that while GSPNs
have a greater descriptive power than QNs, specially in sit-
uations involving parallelism and synchronization, the eval-
uation techniques for GSPNs exhibit a much higher compu-
tational demand than QNs. The study suggests techniques
that could be used to obtain approximate results for GSPNs
at a reduced evaluation cost. These techniques are based
on the decomposition [6] principle. They suggest that sub-

networks of a larger GSPN that interact weakly with the
rest of the network be solved in isolation, using the same
techniques used to solve GSPNs, and that the entire sub-
network be replaced by a Flow Equivalent Service Center
(FESC). The new (reduced) GSPN has fewer states and
can then be solved more efficiently.

Balbo, Bruell, and Ghanta [3] suggested that PFQNs
could be combined with GSPNs as a way to efficiently solve
complex computer systems. They suggest that the sub-
networks of a GSPN that are amenable to modeling with
PFQNs should be modeled as such. Then, each subnetwork
should be replaced by a FESC in the higher level GSPN.
The solution of the reduced GSPN is an approximation to
the solution of the complete GSPN. Their study does not
present a methodology for identifying the subnetworks of
a GSPN that can be modeled by PFQNs. They do not
explain also how the FESC parameters are obtained.

Becker and Szczerbicka [4, 5] introduced PNiQ a com-
bination of PFQNs and GSPNs in which the modeler has
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to explicitly model parts of a system as a PFQN and com-
bine them with a GSPN. This approach differs from ours,
which automatically detects portions of a GSPN that can
be solved using a PFQN. Balbo et al [2] provided arrival
theorems for product-form stochastic Petri nets. For this
class of networks, a formula for the mean sojourn time of
a token in a place can be obtained. This formula serves as
the basis of a Mean Value Analysis algorithm for Product-
Form Stochastic Petri Nets. Klas and Seidel [7] suggest
the combined use of decomposition [6] and response time
preservation techniques [1] for the solution of very large
GSPNs.

This paper presents a methodology by which large GSPNs
can be efficiently solved by automatically detecting its sub-
networks that are equivalent to product-form queuing net-
works (PFQNs). Subnetworks with only one input place
and only one output transition are replaced in the original
GSPN by Flow-Equivalent Service Centers (FESCs). Each
FESC is composed of a place/transition pair with marking
dependent transition rates. The marking dependent tran-
sition rates of each FESC are obtained by solving the QN
that corresponds to the subnetwork. The reduced GSPN
obtained this way has fewer states than the original GSPN.
Performance metrics derived from the reduced GSPN match
those obtained from the original network with significant
accuracy. This paper presents an algorithm to detect the
subnetworks that are equivalent to a PFQN as well as an
algorithm to compute the service demands of these PFQNs.
The computational complexity of the algorithms is a func-
tion of the structural properties (number of places, tran-
sitions, and arcs) of the GSPN and not of the size of its
reachability set. The paper also presents a theorem and
two lemmas that serve as a basis for the algorithms.

Section two presents the basic concepts and notation
used throughout the paper. Section three discusses an ex-
ample that motivates the need for the methodology. Next
section presents the methodology and an example of its use.
Finally, section five presents some concluding remarks.

2 Basic Concepts and Notation

A GSPN is a generalization of a Petri Net (PN), which
is a model that allows for the easy representation of con-
currency and parallelism. Petri Nets are directed graphs
that have two types of nodes: places and transitions [10].
Places can only be connected to transitions and transitions
can only be connected to places. Places can have zero or
more tokens in them. When all input places to a transition
have at least one token, the transition fires and as a result,
one token is removed from each input places of the tran-
sition and one token is added to each output place of the
transition. Firing of transitions is considered to be instan-
taneous in Petri Nets. A GSPN allows for both timed and
instantaneous transitions as discussed below.

The notation used in this paper is pretty much standard

for GSPNs. The reader is referred to [8] for a complete de-
scription of GSPNs. A brief description of the notation
follows. A GSPN N is described by a tuple (P, T, A, M0)
where P is the set of places, T the set of transitions,
A ∈ (P ×T )

⋃
(T ×P ) the set of arcs that connect places

to transitions and transitions to places, M0 is the initial
marking of the places. We denote by Ai ∈ (P × T ) the
set of all input arcs to transitions and by Ao ∈ (T × P )
the set of all output arcs of transitions. We denote by L
the array of firing rates of timed transitions. The notation
It(p) refers to the set of input transitions of place p, Ip(t)
to the set of input places of transition t, Ot(p) to the set of
output transitions of place p, and Op(t) to the set of out-
put places of transition t. We represent by l(t) the firing
rate of transition t, by m(p) the marking of place p, and by
m0(p) the initial marking of place p. The firing time of a
transition t is assumed to be exponentially distributed with
an average equal to 1/l(t).

3 Motivating Example

This section presents a motivating example that illus-
trates the purpose of the methodology and prepares the
reader for the next section where the methodology is for-
mally presented.

Figure 1 shows a GSPN that represents a computer sys-
tem with a number of interactive terminals and a number
of memory partitions where the submitted transactions ex-
ecute. A submitted transaction must wait in a queue for
memory when all memory partitions are in use. The com-
puter system has one CPU and two disks. Once a transac-
tion uses the CPU it may proceed to disk 1 with probability
q1, to disk 2 with probability q2, or it may leave the system
with probability q0. The initial number of tokens in place
p1, m0(p1), represents the number of terminals and m0(p7)
represents the number of memory partitions. The firing rate
of transition t1, l(t1), is marking dependent and is propor-
tional to the number of terminals in the thinking state (i.e.,
number of tokens in p1). Thus, l(t1) = m(p1) × (1/Z)
where Z is the average think time at the terminals. The
firing rates l(t3), l(t6), and l(t7) are equal to µcpu, µd1,
and µd2 and represent the CPU, disk 1, and disk 2 ser-
vice rates, respectively. The interactive computer system
just described cannot be modeled by a PFQN because of
the memory constraint. However, the sub GSPN inside the
dashed box in figure 1 does not exhibit population con-
straints and can be modeled by a PFQN.

A PFQN equivalent to the sub GSPN inside the dashed
box can be solved using efficient Mean Value Analysis (MVA)
[11] methods. The solution of this PFQN provides the
throughput X0(k) (k = 0, · · · , M) defined as the rate
at which transactions complete from the computer system
when the number of transaction in the computer system is
equal to k and the number of memory partitions is M .

The next step in the methodology consists of replacing
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Figure 1: Complete GSPN for the Interactive System

the complete sub GSPN in figure 1 by a place-transition pair
such that the place represents the entire computer system
and the transition has a firing rate dependent on the mark-
ing of the place. Figure 2 shows the reduced GSPN that
corresponds to figure 1. The firing rate l(t3) is a function
of the computer system throughput X0(k). In particular,
l(t3) = X0(m(p3)).
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Figure 2: Reduced GSPN for the Interactive System.

To solve the PFQN equivalent to the sub GSPN and
find the throughput X0(k), one must compute Dcpu, Dd1,
and Dd2, the service demands at the CPU, disk 1, and disk
2, respectively. The service demand at any device i is equal
to the average number of visits Vi to the device multiplied
by the average service time Si per visit [9]. The probability

P cpu
i that a transaction visits the CPU i times is

P cpu
i = (1 − q0)

i−1 × q0 (1)

Thus,

Vcpu =

∞∑

i=1

i P cpu
i =

∞∑

i=1

i (1 − q0)
i−1 × q0 = 1/q0 (2)

It is clear that Vd1 = q1 Vcpu and Vd2 = q2 Vcpu. The
service demands can now be written as a function of the
firing rates of the transitions in the dashed box of figure 1
as follows.

Dcpu = Vcpu Scpu = (1/q0) (1/l(t3))

Dd1 = Vd1 Sd1 = (q1/q0) (1/l(t6))

Dd2 = Vd2 Sd2 = (q2/q0) (1/l(t7)).

Table 1 shows the number of states for the complete
and reduced GSPNs for the interactive system example for
various values of the numbers of terminals and memory par-
titions. It also displays the response time values obtained.
They were exactly the same for both the complete and re-
duced GSPNs. The average response time in both cases is
computed by subtracting the average think time at the ter-
minals from the average cycle time. The average cycle time
is obtained by applying Little’s law to the entire interactive
system. Thus, the cycle time is equal to the number of ter-
minals divided by the average system throughput, which is
given by the average firing rate of transition t1. SPNP [12]
was used to solve the GSPNs in this and all other examples
in this paper. The values of q0, q1, q2 are 0.1, 0.4, and 0.5,
respectively, and the values of µcpu, µd1, and µd2 are 100,
50, and 50 request/sec, respectively. The average think
time Z is equal to 10 sec.

As the table indicates, the number of states of the com-
plete GSPN increases in a combinatorial fashion with the
number of terminals and memory partitions. For the re-
duced GSPN, the number of states grows with the number
of terminals and is independent on the number of memory
partitions. For example, the complete GSPN has 20,251
states for 100 terminals and 20 memory partitions while
the reduced GSPN has only 101 states for the same case.

Next section presents a methodology to detect auto-
matically the subnetworks of a GSPN that are equivalent
to a PFQN.

4 The Methodology
The methodology for reducing a GSPN can be described

as follows. Let N be a GSPN and let N ′ be the reduced
GSPN obtained by applying the methodology described in
this paper.

1. Detect the sub GSPNs in N that are equivalent to a
PFQN and that have a single input place and a single
output transition. The definitions of input place and



No. No. Memory Complete GSPN Reduced GSPN Avg. Response
Terminals Partitions No. States No. States Time (sec)

5 3 40 6 .29
10 5 161 11 .30
15 10 616 16 .32
25 10 1,276 26 .36
30 10 1,606 31 .38
50 15 5,576 51 .50
100 20 20,251 101 1.50

Table 1: Number of States for the Interactive Computer System Example

output transition of a sub GSPN are given later in this
section.

2. Compute the service demands for each of the PFQNs
found in Step 1.

3. Replace each of the sub GSPNs detected in Step 1 by
a place-transition pair. This pair is called the Flow
Equivalent Service Center (FESC) for the sub GSPN.
The firing rate of transition t in the FESC is a function
of the marking of the place p in the FESC. More specif-
ically, l(t) = X0(m(p)) where X0(k) is the through-
put obtained by solving the PFQN that corresponds
to the sub GSPN for a population equal to k for k =
0, · · · , K∗, where K∗ is the maximum number of to-
kens in the sub GSPN. The value of K∗ can be easily
obtained by inspection of the complete GSPN in many
cases. For example, in the GSPN of figure 1, the value
of K∗ is equal to the number M of memory partitions.
When K∗ cannot be easily determined by inspection,
it can always be obtained by computing the reachabil-
ity set of the complete GSPN. Note that this does not
imply that one needs to solve the complete GSPN. The
GSPN obtained by executing this step of the method-
ology is the reduced GSPN N ′.

4. Solve N ′ and obtain the performance metrics of inter-
est.

This section describes how steps 1 and 2 can be carried
out automatically. Some definitions, a theorem, and two
lemmas have to be presented first.

Definition 1 [subnetwork]: A GSPN N ′ = (P ′, T ′, A′,
M ′

0) is a subnetwork of a GSPN N = (P, T, A, M0) if

• P ′ ⊆ P

• T ′ ⊆ T

• (p′, t′) ∈ A′

i =⇒ (p′, t′) ∈ Ai

• (p, t) ∈ Ai =⇒ (p, t) ∈ A′

i ∀p ∈ P ′, t ∈ T ′

• (t, p) ∈ A′

o =⇒ (t, p) ∈ Ao

• (t, p) ∈ Ao =⇒ (t, p) ∈ A′

o ∀p ∈ P ′, t ∈ T ′

• m′(p) = m(p) ∀ p ∈ P ′

• l′(t) = l(t) ∀ t ∈ T ′
2

Definition 2 [consistent GSPN]: A subnetwork N ′ =
(P ′, T ′, A′, M ′

0
) of a GSPN N = (P, T, A, M0) is said to

be consistent if it satisfies the following conditions:

• if a transition t ∈ T ′, then all its input places ∈ P ′.

• if a place p ∈ P ′, then all its output transitions ∈ T ′.

• there is at least one output transition t ∈ T ′ defined
as a transition t such that at least one of its output
places 6∈ P ′.

• there is at least one input place p ∈ P ′ defined as a
place p such that at least one of its input transitions
6∈ T ′ or is an output transition of N ′. 2

Note that the subnetwork within the dashed box in figure 1
is consistent. In this subnetwork, t8 is an output transition
and p3 is an input place.

Definition 3 [equivalence to PFQN]: A GSPN N is
said to be equivalent to a PFQN if there is a PFQN whose
throughput is the same as the one obtained by solving the
GSPN. Such GSPNs will be referred to as PF-GSPN. 2

Consider now the following theorem.

Theorem: Let N ′ = (P ′, T ′, A′, M ′

0
) be a consistent sub-

network of a GSPN N = (P, T, A, M0). N ′ is a PF-GSPN
if

1. all transitions in N ′ have a single input arc,

2. all transitions in N ′ that are not output transitions
have a single output arc, and

3. N ′ does not have any random switch with a marking
dependent firing rate.



Proof: To prove the theorem we need to show i) what are
the possible combinations of places and transitions in N ′,
ii) show how these combinations map into queuing network
elements, and iii) show that none of these elements violates
any of the conditions for product-form solution, namely:
one step behavior, flow balance, single resource possession,
no blocking, independent customer behavior, local infor-
mation, fair service, and routing homogeneity. See [1] for
further explanation on the conditions for product form so-
lution of QNs. Figure 3 shows the only possibilities of ar-
rivals and departures from transitions and for departures
from places allowed within N ′. Figures 3 (a) and 3 (b)
illustrate conditions 1 and 2 of the Theorem for immediate
and timed transitions. Figure 3 (c) illustrates that the out-
put of a place can go to one or more transitions. In the case
of more than one output, we have a marking independent
random switch.

q1

qn

(a)

(b)

(c)

Figure 3: Building blocks for N ′.

The building blocks in figure 3 can be combined as
shown in figure 4. Figure 4 (e) represents the case where
some of the output transitions of a place are immediate
transitions and some are timed. The figure also shows the
QN elements that correspond to the GSPN elements. It
should be noted that places are mapped as queues if the
transition that follows them is a timed transition.

It is easy to see that the QN elements of figure 4 do not
create any situation that violates product-form conditions.
Since transitions have only one input arc and consequently
one input place and one output arc and one output place,
it is not possible to represent situations where blocking,
simultaneous resource possession, fork-join, or any other
form of behavior in which customers do not flow indepen-
dently or have to synchronize in any form. Since we do
not allow random switches with marking dependent firing
rates, we guarantee routing homogeneity. Q.E.D.
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Figure 4: Possible mappings from GSPN into QNs for
Theorem.

All GSPNs that satisfy the theorem are PF-GSPNs. We
refer to these PF-GSPNs as TPF-GSPNs to indicate that
they satisfy the conditions of the theorem.

Lemma 1: Let t be a transition with more than one input
arc. Then, t and all of its input places do not belong to a
TPF-GSPN.
Proof: Transition t does not satisfy condition 1 of the the-
orem and therefore is not part of a TPF-GSPN. Let p be
an input place to t, and let p belong to a TPF-GSPN N .
Since N is consistent by the theorem, t has to be part of
network N by definition of consistency. This implies that t
belongs to a TPF-GSPN which is a contradiction. So, no
input places to t belong to a TPF-GSPN. Q.E.D.

Lemma 2: Let t be a transition in a subnetwork N ′ of a
GSPN N . If t has a single input arc and its input place p
is not in N ′, then N ′ is not a TPF-GSPN.
Proof: Since the place p is not in N ′, N ′ is not consistent
by definition. Therefore, by the above theorem, N ′ is not
a TPF-GSPN. Q.E.D.

The theorem and lemmas above are the basis for the
following algorithm for detecting subnetworks of a GSPN



N that are PF-GSPNs.

Algorithm for Detecting PF-GSPNs:

1. For each transition t, check if t has more than one
input place or one input place with more than one
arc from the place to t. Mark the input places for
which this is true as not belonging to a PF-GSPN (see
Lemma 1).

2. For each place p marked in Step 1 (places that do not
belong to a PF-GSPN), mark all output transitions of
p as not belonging to a PF-GSPN (see Lemma 2).

3. For each transition t belonging to a PF-GSPN (not
marked in Step 2), check if t has more than one output
place or a single output place connected to t by more
than one arc, or an output place that does not belong
to a PF-GSPN (marked in Step 1). If t satisfies any of
these conditions, then mark t as an output transition
of a PF-GSPN.

4. For each place p belonging to a PF-GSPN (not marked
in Step 1), check if p is an output place of a transition
not belonging to a PF-GSPN (marked in Step 2) or
if p is an output place for an output transition of a
PF-GSPN (marked in Step 3). Mark each place p that
satisfies one of these two conditions as an input place
to a PF-GSPN.

5. Detect the PF-GSPNs as follows:

(a) for each input place p of a PF-GSPN (marked in
Step 4), traverse the GSPN until transitions la-
beled as output transitions in Step 3 are reached.
Any graph traversal algorithm such as depth-first
search [13] can be used here. All places and
transitions visited this way belong to the same
subnetwork as p and so do all output transitions
reachable from p.

(b) compare the sets of input places and output tran-
sitions obtained in Step 5 (a). If the same output
transition can be reached from input places p1

and p2, all places and transitions reachable from
p1 and p2 are in the same PF-GSPN subnetwork.

Step 2 of the methodology presented at the beginning
of this section consists in obtaining the service demands
for each PFQN that corresponds to a PF-GSPN. As seen,
devices in the PFQN correspond to timed transitions in
the corresponding PF-GSPN. The service demand Di at a
device i of a QN is equal to the product Vi Si where Vi

is the average number of visits to device i and Si is the
average service time at device i. Si is given by the inverse
of the firing rate of the transition in the PF-GSPN that

corresponds to device i. One is then left with the problem
of obtaining the average number of visits Vi’s.

The algorithm for obtaining the average number of visits
is given below for the case in which the PF-GSPN has a
single input place and a single output transition. These
cases tend to exhibit a smaller degree of interaction between
the PF-GSPN being replaced and the rest of the GSPN,
yielding a better approximation [6].

Before we explain the algorithm for computing the visit
ratios, a few definitions are in order.

Definition 4 [g-node]: The input place of a PF-GSPN
N ′, its output transition, and any place of N ′ with either
more than one input transition or more than one output
transition are called g-nodes of N ′. These g-nodes will
be referenced by the name of the corresponding place or
transition. 2

Consider the PF-GSPN in the dashed box labeled as
subnet 2 in figure 5. The g-nodes of this GSPN are the
input place p5, the output transition t10, and the place p6.

Definition 5 [path of a GSPN]: A path (ni, nj) of a
PF-GSPN is a path that connects g-node ni to g-node nj .
A path may contain places that are not g-nodes of the PF-
GSPN. If there is more than one path connecting g-node
ni to g-node nj we refer to it as (ni, nj, t) where t is any
transition in the path in question. 2

For example, there are two paths in the PF-GSPN of
subnet 2 of figure 5 from g-node p6 to g-node p5. One
of these paths goes through transition t8 and the other
through transition t9. These paths are designated as (p6, p5,
t8) and (p6, p5, t9), respectively.

Definition 6 [path probability]: The probability of a
path is defined as the probability that a token flows through
the path from its initial g-node. 2

The probability of path (p6, p5, t8) in figure 5 is q5 and
the probability of path (p6, p5, t9) is q6.

Note that all transitions of a path are visited the same
number of times. Thus, if one obtains the average number
of visits to the paths of a PF-GSPN we obtain the aver-
age number of visits to all transitions in the PF-GSPN. If
there is more than one path between g-nodes ni and nj of
a PF-GSPN and g-node ni is an input place to one or more
immediate transitions, then all paths that originate from ni

and have a timed transition as an output transition of ni

can be eliminated since these timed transitions will never
fire. In other words, all timed transitions in the eliminated
paths will have an average visit ratio equal to zero. Subnet
3 of figure 5 illustrates this situation. Note that the elim-
ination of paths (p12, p17, t14) and (p12, p17, t15) requires
that probabilities q3 and q4 be adjusted so that they sum
to one. The new value for q3 is adjusted to q3/(q3 + q4)
and the adjusted value for q4 is q4/(q3 + q4). In general,
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the adjusted probability of a path that remains is equal to
its original value divided by the sum of the probabilities of
all paths that remain.

After eliminating the paths with zero probability, one
must obtain the average number of visits to the remain-
ing paths in the PF-GSPN. For that purpose we define a
condensed graph associated to a PF-GSPN as follows.

Definition 7 [condensed graph of a GSPN]: The
condensed graph (CG) of a PF-GSPN is a directed graph
(V, E) built as follows:

• The set of nodes V = {v0}
⋃

G where G is the set of
g-nodes of the PF-GSPN and v0 is a node connected
through a directed arc a = (v0, w) to g-node w, where
w is the g-node of the PF-GSPN associated with its
input place.

• The set of arcs E = {a}
⋃

A where a is the arc defined
above and A is derived from the set of paths of the
PF-GSPN as follows.

– (vi, vj) ∈ A if there is a single path in the PF-
GSPN connecting g-node vi to g-node vj .

– if there is more than one path in the PF-GSPN
connecting g-node vi to g-node vj , then create a
single arc (vi, vj) in A to represent all paths that
connect vi to vj in the PF-GSPN.

• Probabilities are assigned to the arcs of GC as follows.

– the probability of arc a defined above is 1.

– the probability of an arc derived from a single
path in the PF-GSPN is the probability of the
path.

– the probability of an arc derived from more than
one path in the PF-GSPN, is the sum of the prob-
abilities of the constituent paths. 2

Figure 6 shows the CG that corresponds to subnet 2
of figure 5. Nodes v1 and v2 correspond to places p5 and
p6 in the PF-GSPN, as indicated in the figure, and node
v3 corresponds to the output transition t10. Arc (v2, v1) is
originated from paths (p6, p5, t8) and (p6, p5, t9) in the PF-
GSPN of subnet 2 of figure 5. Therefore, the probability
of this arc is equal to the sum of the probabilities of the
two paths. The average number of visits to a path in the
PF-GSPN can now be easily computed from the average
number of visits to the nodes of a CG as follows. Let
e = (vi, vj) be an arc in the CG and let π be a path in
the GSPN associated to e. The average number of visits to
π is equal to the average number of visits to vi multiplied
by the probability of the path π. For example, the average
number of visits to path (p6, p5, t8) is equal to q5 multiplied
by V2, the average number of visits to node v2 in the CG

v2
v1v0

v3

1 1

q7

q5+q6

p5 p6

t10

Figure 6: Condensed Graph Example

of figure 6. One is then left with the problem of obtaining
the average number of visits to the nodes of the CG.

Let Vi denote the average number of visits to node vi

of the CG. Vi can be written as a function of the average
number of visits to all nodes of the CG and as a function
of the probabilities pj,i of the arc (vj , vi). If an arc (vj , vi)
does not exist in the CG, its probability pj,i is assumed to
be zero. Thus,

Vi =

K∑

j=0

Vj × pj,i (3)

where K is the largest index of a node in the CG. We
assume without loss of generality that the output transition
of a PF-GSPN corresponds to node vK in the condensed
graph. If one writes such an equation for every node one
obtains a system of linear equations that can be written as

~V = ~V P (4)

where ~V = [V0, · · · , VK ] and the matrix P = [pi,j ] is the
matrix of the arc probabilities. Note that V0 = 1 and VK =
1 since v0 corresponds to the input place of the GSPN and
vK corresponds to the output transition of the GSPN. With
this substitution one can obtain a unique solution to the
system of linear equations in Eq. (4).

The process of finding the service demands for the PFQN
that corresponds to a PF-GSPN can be summarized as fol-
lows:

1. Determine the paths of the PF-GSPN.

2. Remove from the PF-GSPN the paths that are never
visited. The service demands associated to transitions
in these paths should be set to zero. When paths are
eliminated from the PF-GSPN, the probabilities of the
remaining paths must be adjusted.



3. Build the Condensed Graph CG that corresponds to
the PF-GSPN.

4. Obtain the average number of visits to the g-nodes
of CG by solving the system of linear equations ~V =
~V × P .

5. Obtain the average number of visits to the paths of
the PF-GSPN from the average number of visits to
the nodes of the CG.

6. Compute the service demand associated to each timed
transition by multiplying the average number of visits
to the path where the transition is located by the in-
verse of the transition firing rate.

To illustrate the methodology, consider the GSPN of
figure 5. This GPSN has four PF-GSPNs shown within
dashed boxes. The probabilities q1, · · · , q7 have the values
0.1, 0.2, 0.3, 0.4, 0.3, 0.4, and 0.3. The average firing
times of the timed transitions are given in Table 2.

Transition Avg. Firing Avg. No. Avg. Service
Time (sec) Visits Demand (sec)

t1 2.0 1.00 2.00

t2 3.0 1.00 3.00

t5 2.0 3.33 6.66

t6 1.0 1.00 1.00

t7 3.0 1.33 4.00

t14 3.0 0.00 0.00

t15 4.0 0.00 0.00

t16 7.0 0.57 3.99

t17 6.0 0.43 2.58

t18 5.0 0.00 0.00

t19 4.0 0.00 0.00

t21 6.0 1.00 6.00

t22 5.0 1.00 5.00

t23 4.0 1.00 4.00

Table 2: Service Demands for GSPN of Figure 5.

The average number of visits to the nodes of the CG of
figure 6 are given by the equations:

V0 = 1

V1 = V0 + V2 (q5 + q6)

V2 = V1

V3 = 1

Solving these equations one gets V1 = V2 = 1/(1 − q5 −
q6) = 1/q7. The average number of visits to t5 is equal to
V1, the average number of visits to t6 is V2 × q5 = q5/q7,
and the average number of visits to t7 is V2 × q6 = q6/q7.
Table 2 shows the average number of visits and the average

service demands for all timed transitions of the GSPN of
figure 5.

To illustrate the importance of the methodology pre-
sented in this paper, we solved the GSPN of figure 5 with
SPNP. The underlying Markov Chain has 59,669 states. It
took approximately 90 minutes to solve this GSPN on a
Sun Ultra 1 workstation. The reduced GSPN that corre-
sponds to the one in figure 5 has 216 states and was solved
on the same workstation in less than one second. In both
cases we used as initial markings m0(p1) = 5, m0(p9) = 3,
and m0(p19) = 3. All other places had zero tokens in the
initial marking.

5 Concluding Remarks
The methodology presented in this paper provides an

efficient manner to detect the subnetworks of a GSPN that
can be replaced by a marking dependent place-transition
pair. The firing function of the transition in the pair can
be obtained by solving a PFQN equivalent to the replaced
subnetwork. The algorithms given in the paper show how
the service demand parameters for the PFQNs are com-
puted. The computational demand of the methodology is
O(| T | + | P | + | A |) for detecting the PF-GSPNs
plus a factor due to computing the service demands. This
factor is dominated by the time to solve k system of linear
equations where k is the number of PF-GSPNs detected
(note that k < (| P | + | T |)). Each of these systems of
linear equations has a number of equations bounded above
by | P |. It is clear then, that the computational complexity
of the methodology is low and is a function of the struc-
tural properties of the GSPN (number of places, transitions,
and arcs) and is independent of the initial marking. The
method presented in this paper can easily be implemented
into GSPN solvers such as SPNP and others.
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