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Abstract. This paper presents a variation of the Euclidean Traveling Salesman 
Problem (TSP), the Multiple Traveling Salesman Problem (MTSP), and com-
pares a variety of evolutionary computation algorithms and paradigms for solv-
ing it.  Techniques implemented, analyzed, and discussed herein with regard to 
MTSP include use of a neighborhood attractor schema (a variation on k-means 
clustering), the "shrink-wrap" algorithm for local neighborhood optimization, 
particle swarm optimization, Monte-Carlo optimization, and a range of genetic 
algorithms and evolutionary strategies. 

1   Introduction 

The Euclidean Traveling Salesman Problem (ETSP), or simply TSP, is a well-known 
and extensively studied benchmark for many new developments in combinatorial 
optimization [1],[2],[3],[4],[5],[6], including techniques in evolutionary computation 
[7],[8],[9].  A very simple yet highly practical extension of TSP is a TSP with multi-
ple sales agents.  This problem is defined as follows:   
 

Def. MTSP(n, k) --- given n cities and k sales agents, find the k closed circuit 
paths which minimize the sum of the squares of the path lengths. 

 
This paper will henceforth refer to this problem as the multiple traveling salesman 
problem, or MTSP.  The MTSP is actually a two-level optimization problem.  On the 
first level we wish to determine the optimal subdivision of cities into k groups.  The 
second level of optimization is to find the minimum length circuit for each of the 
groups of cities. This paper will be primarily concerned with the first level of optimi-
zation, determining the optimal subdivision of cities into groups, since this area has 
received less attention in the literature than solving the Euclidean TSP.   
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The MTSP is similar to the k-TSP problem discussed in [5], but excludes the re-
quirement that each circuit include a common base city.  The cluster optimization task 
is also related to the minimum sum-of-squares clustering problem (MSSC) [10]. 
However, in MSSC the distance measurement for each cluster is the sum of squared 
distances between each point and the cluster centroid, whereas in MTSP the relevant 
distance measurement for each cluster is the squared circuit length. 

A note of explanation about the definition of MTSP given above is in order.  Why 
do we want to find the k closed-circuit-paths which minimize the sum of the squares 
of the circuit lengths, rather than simply minimizing the sum of the circuit lengths?  
The reason is in order to distribute the work load as equitably as possible amongst the 
k sales agents.  Thus, in addition to the constraint typically found in TSP of finding 
the minimum length circuit, we have imposed an additional constraint for distributing 
the cities amongst the sales agents.  Minimization of the sum of the squares of the 
circuit lengths satisfies these constraints.   

2   Approach to Solving MTSP 

MTSP is a two-level optimization problem, with one problem being to determine how 
to subdivide the list of n cities into k groups or neighborhoods (i.e. clustering), and 
the second problem being to optimize the circuits for each cluster or neighborhood.  
While it may be possible to route first then cluster [5], we chose to cluster first then 
route since this seemed to be a more logical decomposition of the problem. 

Since our cities lie in a Euclidean space and we wish to minimize local path 
lengths, it is reasonable to use a distance metric between each city and each cluster 
center to determine neighborhood affiliation.  However, with MTSP we have an addi-
tional constraint of distributing the circuit lengths roughly evenly amongst the k 
neighborhoods.  Since we cannot assume homogeneous distribution of the cities in 
Euclidean space, and it is quite reasonable to expect that given a randomly generated 
set of city coordinates (or those found on a real map) some areas will be significantly 
more densely populated with cities than others, we need another term or condition to 
better define our clusters. 

2.1   Neighborhood Attractor Schema 

The central idea behind the neighborhood attractor schema is that a number of move-
able attractors are added to the map which have the effect of “capturing” cities.  Each 
attractor has a position (x, y) and an attraction constant (a). The attraction between 
each city and each attractor is calculated as the attraction constant of the cluster at-
tractor (a) divided by the distance (or squared distance) between the city and attractor. 
This feature allows the neighborhood attractors to then partition the non-
homogeneously distributed cities into clusters such that the second constraint of 
MTSP (equitable distribution of work) is more easily satisfied. This approach is re-
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ferred to as the neighborhood attractor schema. A result of applying the neighborhood 
attractor schema to MTSP(30,5) is shown in Figure 1. 

 

This approach is roughly analogous to a gravitational attractor model where each 
planetoid or moon is "affiliated" with a planet based upon the gravitational attraction 
between the planetoid and the planet. In this case the “planetoids” are the cities (each 
with unit mass) and the “planets” are the basins of attractions, with each having a 
position (x,y) and mass parameter. The positions and mass parameters for the attrac-
tors are optimized using an evolutionary algorithm, particle swarm or other technique. 

In Figure 1 the large circles represent the neighborhood attractors, with their 
diameters determined by their respective attractor constants (numbers shown next to 
circles). The smaller solid circles inside each cluster show the unweighted centroid 
for each cluster, which is used in the shrink-wrap algorithm discussed in the next 
section. 

One advantage this schema has over k-means-clustering models is that the 
neighborhood attractors need only compete with other neighborhood attractors to 
determine city affiliations and corresponding path lengths.  They do not need to move 
to the centers of the clusters of cities they attract.  This feature gives them more flexi-
bility for partitioning the cities into equitable subgroups, especially important where 
the distribution of cities is highly non-homogeneous.   

2.2  Optimizing Neighborhood Closed Circuit Paths 

Given a MTSP(n,k) and a "solution" of neighborhood attractors (and their corre-
sponding city cluster groups), we still need a means of optimizing closed-circuit paths 
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Fig. 1.  MTSP(30,5) Optimal Solution Using Neighborhood Attractor Schema 
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for each of the neighborhoods in order to score or determine the fitness of our solu-
tion. Finding such an optimum for each neighborhood becomes a standard Euclidean 
TSP.  Since we do not wish to address the full computational burden of solving k 
neighborhood TSPs before we can even evaluate our solution of k neighborhood 
attractors, a shortcut for estimating a good (if not always optimal) closed circuit path 
for each neighborhood is desirable.   

A rather simple and fairly elegant technique for accomplishing this is the shrink-
wrap algorithm (though certainly not the only one, see [5] for others).  The mean for 
each cluster of cities is calculated, and then the cities' coordinates are translated in 
Euclidean space such that the cluster mean is at the origin.  The (x, y) coordinates are 
then converted to polar coordinates (θθθθ, ρρρρ), and the order of cities is sorted by the polar 
coordinates (θθθθ first, then ρρρρ).  The sorted order list is then linked in ascending order, 
with an additional link added from the last city in the list back to the first.  This proc-
ess is illustrated in Figure 2.  The cities are then restored to their original Euclidean 
coordinates, but the polar sorted linked list order is retained. 
 
 
 

 

 

 

 

Fig. 2.  The Shrink-Wrap Algorithm 

The shrink-wrap algorithm thus gives a good first estimate of the node order for an 
optimum closed-circuit path for each neighborhood.  From this we calculate a path 
length for each neighborhood, and by summing the squares of the k closed-circuit 
paths, we can generate a score for each solution set of k neighborhood attractors. 

2.3   Chromosome Representation 

A solution to MTSP(n, k) consists of k closed circuit paths, and may be completely 
determined for a particular group of n cities by a vector of k neighborhood attractors. 
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The city affiliations for each attractor are determined by the relative parameters of the 
solution set of attractors, and similarly the closed circuit path lengths are determined 
using the shrink-wrap algorithm.  Since the attractor schema requires three parameters 
for each neighborhood attractor (x,y,a) with position (x,y) and attraction constant (a), 
then a solution to MTSP(n, k) can be specified as a vector of length 3*k (each solu-
tion consists of k triplets (x,y,a)), where each parameter is a real-valued number be-
tween zero and one.   

Each neighborhood attractor has an associated linked list of cities (of varying 
length, possibly including zero length) which define the neighborhood circuit. Ge-
netic algorithms which use mutation operators generally specify a fixed mutation rate, 
often between 0.001 and 0.1, which is applied to each gene in a chromosome inde-
pendently of whether any mutations have occurred in other parts of the same chromo-
some.   

2.4   A Menu of EA Designs 

A wide variety of evolutionary algorithms have been developed which can be applied 
to solving optimization problems such as MTSP [11].  In this effort a broad represen-
tative sampling of these methods was implemented and applied to MTSP. These tech-
niques may be roughly subdivided into three classes of evolutionary computation 
techniques: genetic algorithms, evolutionary strategies, and other methods. 
The techniques implemented and tested were: 
 

• Genetic Algorithm  (µ, λ) using Mutation and Crossover 
• Genetic Algorithm (µ, λ)  using Mutation Only 
• Genetic Algorithm (µ, λ) using Mutation and Crossover, plus Elitism  
• Evolutionary Strategy (µ + λ) using Mutation and Crossover 
• Evolutionary Strategy (µ + λ) using Mutation Only 
• Generational Monte-Carlo Optimization 
• Particle Swarm Optimization 

 

Note that the terms “genetic algorithm” and “evolutionary strategy” are used to dis-
tinguish (µ, λ) strategies from (µ + λ) strategies, with real-valued representations used 
for both. The “genetic algorithms” use a strategy with the property that each genera-
tion the parent population is replaced by their offspring, commonly known as (µ, λ).  
When the elitism operator is added, the single fittest member from the parent popula-
tion is retained in the population the following generation.  

The “evolutionary strategies” generate offspring from the parent population, but 
then the offspring must compete with the parents, hence a (µ + λ) strategy.  The popu-
lations are concatenated and sorted by score, and only the fittest members survive 
with the remainder discarded. Since the fittest member is already propagated forward 
from the parent generation, there is no need to use an elitism operator. 

The Generational Monte-Carlo Optimization method used was implemented as a 
(µ + λ) evolutionary strategy, but with mutation rate of (1.0).  During each generation 
a number of new individuals equal to the population size are randomly generated, and 
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then they are added to the existing population.  The population is then sorted and 
truncated. During the trials the new individuals were randomly and independently 
produced, but the evaluation and sorting of them was generational for ease of com-
parison. 

 The particle swarm optimization method (described below) defines a population 
of particles in n-space (where n is the number of genes to be represented) which have 
position and velocity.  The particle positions and velocities are updated based on a 
combination of parameters including previous states, the global best yet found 
(analogous to use of an elitism policy), pre-assigned constants, and random factors. 

2.5   Particle Swarm Optimization 

Particle swarm optimization was first proposed by Kennedy and Eberhart [12] and 
was inspired by natural biological processes based on the notion of swarm behavior in 
animal or insect populations.  A swarm is defined as a population of interacting ele-
ments which is able to achieve some global objective through collaborative search.  
Swarm optimization relies on the tendency of a swarm population to converge on a 
center of mass along critical dimensions, resulting in achievement of an optima [13]. 

In particle swarm optimization (PSO) each individual or chromosome is consid-
ered to be a particle in hyperspace having both position and velocity.  The particles 
are then "flown" through hyperspace (a chromosome with n genes would exist in an 
n-dimensional space), with its velocity and position information influenced by its 
previous state, its previous best (fittest) state, and the global best for the entire popu-
lation.  
 
Each particle i is represented as   

xi = (xi1, xi2, xi3, … , xin)      (1) 
and has velocity  

vi = (vi1, vi2, vi3, … , vin) .    (2) 
 
The previous best position for each particle is stored, and given by   

pbesti = (pi1, pi2, pi3, … , pin) .    (3) 
 
The global best for all particles yet seen,  

gbest = (g1, g2, g3, … , gn) .    (4) 
 
The particle update equations are then given by: 
 vi+1 = w*vi  +  c1*rand1*(pbesti - xi) + c2*rand2*(gbest - xi) ,                     (5) 
 xi+1 = xi + vi+1                (6) 
 
where w is inertial weight, c1 and c2 are constants, and rand1 and rand2 are random 
values between 0.0 and 1.0. 
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When implementing PSO it is important that great care is taken in choosing w, c1 and 
c2, as well as the initial magnitudes of the velocity vectors.  A heuristic for annealing 
w is given by [13], that w should start at 0.9 and be decreased linearly to 0.4 over 
1000 generations.  In this effort the population generally converged within 100 gen-
erations, even using the cited heuristic.  Instead, the following parameter values were 
used: 

 

    initial velocity = 0.1 * rand, where   0.0 < rand < 1.0   
    0.4 < w < 0.9,    decreased linearly over 100 generations 
    c1  =  1.0,    c2 =  0.1 
 

The results of PSO on MTSP are discussed below under Results. 

2.6   Mutation Operator with Parameter Space Search 

The MTSP(n,k) landscape is characterized by plateaus for which mutations often 
result in offspring with scores equal to those of the parents. This feature inhibits con-
tinued progress to the optimum.  One approach to address this is to augment the muta-
tion operator with the capability to perform a search in parameter space in order to 
find a mutation for which the offspring fitness is not identical to that of the parent. 

Once a decision is made to generate a mutation (using a generated random number 
compared with the mutation rate), a mutation delta is "suggested" to the mutation 
operator.  The operator adds the mutation delta to the parent individual and generates 
an offspring individual.  The fitness of the offspring is measured, and if the fitness is 
different from that of the parent, the offspring is kept.  However, if the fitness of the 
offspring is the same as that of the parent, then the mutation operator begins incre-
menting the mutation delta, generating and testing offspring until an offspring is gen-
erated which has a different fitness from the parent.  The parameter search must rec-
ognize when it has reached the edge of the parameter space (e.g. edge of the map), 
after which it may change the direction of delta. The parameter search must also rec-
ognize when it is not possible to find an acceptable mutation using that parent, for 
which it has the ability to select a new parent.  The parameter search rule is given: 
 
Parameter Search Rule: 
    if   fitness(offspring)==fitness(parent)  
    then   increment mutation delta by 10% 
    (if limit of parameter space reached, change sign of delta) 
    generate new offspring from parent 
    (if selected parameter set fully searched and no new) 
    (fitness is found, then select another parameter to mutate)  
    repeat until fitness(offspring)<>fitness(parent) 
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3   Results 

Results were generated for three different problems: MTSP(30,5), MTSP(20,3) and 
MTSP(50,3).  The different algorithms applied are listed below.  Each algorithm was 
run for 100 generations, with 10 independent runs performed using different random 
seeds.  

• Genetic Algorithm  (µ, λ) with Mutation & Crossover (GA-MC)  
• Genetic Algorithm (µ, λ) with Mutation, Crossover and Elitism (GA-MCE) 
• Genetic Algorithm (µ, λ) with Mutation Only (GA-M) 
• Evolutionary Strategy (µ + λ) with Mutation & Crossover (ES-MC) 
• Evolutionary Strategy (µ + λ) with Mutation Only (ES-M) 
• Particle Swarm Optimization (PSO) 
• Generational Monte-Carlo Optimization (GMCO) 

 
All of the algorithms were at least fairly successful at finding good solutions to 

each problem.  The normalized results of all of the algorithms are shown following in 
Figure 3. The genetic algorithms that did not use elitism performed worst. This is 
apparently due to the need for high exploration and the loss of good solutions when 
the parent generations are completely replaced by their offspring. Preserving the best 
parent and adding it to the offspring generation (as shown with GA-MCE) substan-
tially improves performance, and yields one of the best algorithms overall. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 3.  Normalized Results of All EAs on MTSPs 
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Particle swarm optimization performed reasonably well, but often failed to locate the 
global optimum solution.  Since this algorithm is quite sensitive to its parameter set-
tings, and comparatively little effort was made to fine-tune PSO for this application, it 
is quite possible and reasonable that better results could be obtained with PSO with 
different parameter settings.  One obvious target is a different annealing schedule for 
the inertial weight w.   

The evolutionary strategies performed better than PSO and the GAs without elit-
ism.  The algorithm ES-MC, employing both mutation and crossover, performed 
significantly better than ES-M, which used mutation only.  Addition of the crossover 
operator seems to provide an effective mechanism for finding better solutions.  In 
fact, the algorithm ES-MC was one of the top performing techniques. 

Perhaps the most interesting result is the excellent performance of the GMCO 
strategy.  This algorithm essentially operates as an evolutionary strategy where a 
number of random individuals are generated each generation, and then the offspring 
are added to the parents, they are sorted and the fittest members are kept.  Thus, this 
algorithm combines strong elitism along with high exploration.  Overall, this tech-
nique seemed to offer the best results. An interesting question is whether it would 
work as well on more complex problem sets with larger values for k, the number of 
agents. 

For each algorithm the chromosome population size was kept at 10.  A number of 
runs (though not the full matrix) were done with higher values of k and larger popula-
tion sizes.  A strictly subjective observation was that for best performance population 
size should scale with k.  Thus, for 3-5 agents a population of 10 was sufficient, but 
for k=10, a more suitable chromosome population size was 20-30.  This suggests that 
the complexity of the problem increases not so much with the number of cities, but 
with the number of sales agents.  However, the issues of complexity and scalability 
need to be studied more thoroughly using larger numbers of cities and various combi-
nations on the number of sales agents and chromosome population sizes. 

4   Conclusions and Future Research 

In this paper a variation of the Euclidean Traveling Salesman Problem (TSP), the 
Multiple Traveling Salesman Problem (MTSP), was presented and discussed.  This 
problem is representative of many real-world multi-level optimization problems, and 
thus offers a platform for development and testing of evolutionary computation para-
digms for solving such problems. An approach to solving MTSPs was presented us-
ing the Neighborhood Attractor Schema, the Shrink-Wrap algorithm, and a variety of 
evolutionary computation algorithms and paradigms.  The results were encouraging, 
but also showed that much more could be done to understand these problems and 
evolutionary computation approaches to solving them. 
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