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 A typical eigenvalue spectrum and its division into  
two orthogonal subspaces 
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xi ∈ ℜq,    i =1,,N
w1,  w2,   ,wq :  q eigenvectors (principal component directions)

wi =1   (the wis are orthonormal  vectors)
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Representation of xi in eigenvector space :  

yi = w1
T xi( )w1 + w2

T xi( )w2 ++ wq
T xi( )wq
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Suppose we retain the first k principal components :  

yi
k = w1

T xi( )w1 + w2
T xi( )w2 ++ wk

T xi( )wk
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Then :  

yi − yi
k = wk+1

T xi( )wk+1 ++ wq
T xi( )wq
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yi − yi
k( )T yi − yi

k( ) =

wk+1
T xi( )wk+1 ++ wq

T xi( )wq[ ]
T

wk+1
T xi( )wk+1 ++ wq

T xi( )wq[ ] =

wk+1
T wk+1

T xi( )2
wk+1 ++ wq

T wq
T xi( )2

wq =          

(note wi
Tw j = 0 ∀i ≠ j since wi  and w j  are orthogonal vectors)

wk+1
T xi( )

2
wk+1
T wk+1 ++ wq

T xi( )
2
wq
Twq =  

 wk+1
T xi( )2

++ wq
T xi( )2

=  

 wk+1
T xi( ) xi

Twk+1( ) ++ wq
T xi( ) xi

Twq( ) =

wk+1
T xixi

T( )wk+1 ++ wq
T xixi

T( )wq
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We have :   Σwk+1 = λk+1wk+1,,Σwq = λqwq
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Thus :
wk+1
T Σwk+1 ++ wq

TΣwq =

wk+1
T λk+1wk+1 ++ wq

Tλqwq =

λk+1 ++ λq
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1
N

yi − yi
k( )T yi − yi

k( )
i=1

N

∑ =

1
N

wk+1
T xixi

T( )wk+1 ++ wq
T xixi

T( )wq[ ]
i=1

N

∑ =

wk+1
T 1

N
xixi

T( )
i=1

N

∑
 

 
 

 

 
 wk+1 ++ wq

T 1
N

xixi
T( )

i=1

N

∑
 

 
 

 

 
 wq =

wk+1
T Σwk+1 ++ wq

TΣwq
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1
N

yi − yi
k( )
T

yi − yi
k( )

i=1

N

∑ = λk+1 +λq


